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ABSTRACT: Our latest study builds upon our previous research on multi-wall carbon nanotubes 
(MWCNTs) by exploring the photonic responses of regularly β-aligned arrays of these nanotubes. 
Through extensive calculations using the Finite Difference Time Domain Method, we determined 
that MWCNT-based photonic crystals possess significant Bragg reflections of up to 80% without 
experiencing substantial attenuation, even at wavelengths as low as 17 nm. This discovery is of great 
significance, as traditional materials have not been able to scatter UV photons within this frequency 
range efficiently. Following extensive research, we analyzed various model parameters such as lattice 
periodicity, inner and outer radii of MWCNTs, and the polarization (TM or TE) and direction (Γ-X 
or Γ-M) of the incident wave. Our findings present promising implications for advancing ultra-high-
frequency photon manipulation in EUV applications, with potential developments ranging from UV 
laser mirrors to EUV lithography lenses, and beyond to UV spectroscopy collimators.
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1- Introduction
Carbon nanotubes (CNTs) are unique materials that exhibit 

strong anisotropy [1-3] and high nonlinearity [4, 5], making 
them ideal for various optical applications, such as infrared 
(IR) detectors, photoluminescence [6], and as scatterers 
for photonic crystals [7-10]. Recent advancements have 
enabled precise control over the growth of multi-wall CNTs 
(MWCNTs) arrays [11-13], which exhibit Bragg scattering 
behavior across an ultra-wide frequency range (visible to deep 
ultraviolet (UV)) [8, 10]. Unlike in single-wall CNTs, the 
chirality of MWCNT shells does not influence their optical 
properties [10, 14], and their dielectric responses closely 
resemble those of anisotropic graphite [2, 3]. Therefore, 
modeling MWCNT dielectric responses using the dielectric 
functions of graphite (ε||(ω) and ε⏊(ω)) is possible. The 
symbol ⏊(||) denotes the direction perpendicular (parallel) to 
the graphite optical (c) axis or radial of a MWCNT. Hence, 
the ⏊ direction is equivalent to the z or ϕ-axis of an MWCNT, 
and ε⏊(ω) ≡ εTM(ω) corresponds to the MWCNT’s dielectric 
response to a TM polarized signal. In contrast, the dielectric 
response to a TE polarized signal is a complex function 
of ε||(ω) and ε⏊(ω) in graphite. The lattice constant (a) and 
arrangement of an MWCNT-based PhC, the MWCNT’s inner 
and outer radii, their permittivities in response to both TE and 
TM incident waves, and the direction of the incident signal 

propagation play significant roles in determining the optical 
properties of the MWCNT-PhCs. Although some reports 
have touched upon the experimental and theoretical aspects 
of MWCNT-PhCs, most have focused on frequencies from 
visible up to the UV range [7-10, 15, 16]. Nonetheless, recent 
theoretical and experimental works suggest that CNTs hold 
promise in overcoming the technological limitations of deep 
and extreme UV frequencies [1, 7, 9, 17]. 

The dielectric function of graphite (ε⏊(ω)) fitted with the 
Drude-Lorentz (DL) formula is applied to simulate the optical 
response to a TM polarized signal using the finite difference 
time domain method (FDTD). On the other hand, in response 
to a TE-polarized signal, one should use a model for εTE(ω) 
describing the dielectric function of an individual MWCNT. 
However, available models used up to now are either an 
oversimplified model —i.e., εTE(ω) ≡ (ε⏊(ω)∙ε||(ω))1/2 [18] 
— or that of an effective medium for α-aligned MWCNTs 
on a dielectric, extracted by a self-consistent method [19]. 
In this paper, we use an analytic function that we developed 
earlier [10] for εTE(ω) of an individual MWCNT based on 
a discreet dipole approximation framework for cylindrical 
fullerenes [20]. To obtain that analytic function for εTE(ω), 
unlike the other theoretical studies, we took the anisotropic 
nature of the MWCNT cylinders into account, constructing it 
based on susceptibility well-fitted to experimental and semi-
empirical data down to wavelengths ~30 nm. In this work, 
we extrapolated that model via inductive reasoning down to 
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~17 nm, where the material response is approaching zero. 
The extrapolated model has enabled us to study the photonic 
properties of the designed MWCNT-PhC platforms over a 
broader frequency range.

The development of spectroscopic techniques using 
deep UV light with wavelengths below 300 nm faces 
significant challenges due to the limited availability of optical 
components designed for this spectral range. The absorption 
characteristics of many materials in the UV spectral range 
often impede their performance in deep UV optics [21].

To the best of our knowledge, up to date, the commonly 
used devices in the visible and near-infrared spectral ranges 
to select specific bandwidth spectral regions for detection 
and wide-field manipulating and imaging have not been 
demonstrated for the deep to extreme UV spectral regions.

We have recently developed deep to UV diffracting PhCs 
that could serve as up to UV photonic devices [10]. In that 
work, we have modeled the dielectric function of MWCNTs 
based on the fundamental polarizability formula. Here, we 
show that further advancements in extreme UV diffracting 
PhCs could lead to their commercialization as Rayleigh 
rejection optics, optical EUV filters, wide-field imaging 
optics, and dielectric or dichroic mirrors, EUV waveguides, 
and lenses designed to reflect, guide, and collimate specific 
wavelengths.

However, a current challenge in developing PhCs for 
extreme UV spectroscopic instrumentation lies in the top-
down fabrication techniques, which pose pattern-perfectness 
inabilities. On the other hand, MWCNT arrays utilize bottom-
up approaches, showing orderly erected arrays of nanotubes 
composed of ultra-high aspect ratios (diameter to height ratio 
= d/l).

Recall that most material bandgaps are smaller than 
the energy of extreme ultraviolet (EUV) photon of λ < 200 
nms, exhibiting a notable absorption characteristic [22]. 
Although a periodic arrangement of quarter-wavelength 
slabs of two different materials with a sufficient refractive 
index contrast could result in an excellent Bragg reflector 
[23], due to the intricate nature of the refractive index of 
materials, approaching unity at shorter wavelengths [24], 
the refractive index contrast of the two quarter-wavelength 
slabs at EUV becomes insignificant diminishing the required 
Bragg reflectance. For this reason, there is currently a lack 
of firmly established pairs of nanoscale slabs, particularly 
at λ <40 nm, capable of achieving the requisite reflectance 
levels for numerous applications involving soft X-ray optics, 
such as astronomy, X-ray lasers, plasma diagnostics, and 
spectroscopy [25-27].

Typically, the wavelength of a photonic bandgap (PBG) 
closely aligns with the periodicity of the crystal. If one 
employs MWCNTs as scatterers in photonic crystals, their 
lattice constants spanning tens to hundreds of nanometers, the 
resulting PBG could fall within the EUV wavelength range of 
15 to 300 nm.

In this study, we designed vertically (β)-aligned multi-
walled carbon nanotube arrays to serve as 2D EUV photonic 
crystal structures, and we conducted both physical modeling 

and theoretical simulation and investigations into its 
reflectance properties in the extreme ultraviolet spectrum. 
The photonic properties of the arrays mentioned before at 
EUV wavelengths could be assessed utilizing synchrotron 
radiation [28]. Here, we extrapolate our earlier model [10] via 
inductive reasoning down to 17 nm (the EUV range), where 
the material response is approaching zero The extrapolated 
model has enabled us to study the photonic properties of the 
designed MWCNT-PhC platforms over a broader frequency 
range.

2- Formulation
When the MWCNT length (l), is much longer than the 

incident light wavelength (λ) and at the same time much larger 
than the CNT diameter (d), one may use a 2D analysis to 
describe the photonic response of the MWCNT-PhC. Today, 
MWCNT arrays can be produced to satisfy both conditions 
for terahertz frequencies and higher [11-13]. For a detailed 
description and validation of the physical permittivity model, 
refer to the Appendix.

The dispersive dielectric function of a cylindrical 
MWCNT can be described by a tensor [20]:

( ) ( ) ( ) ( ) ( )( )R ZΦ
= = =

⊥ ⊥≡ + ≡ + + z




ε ω ε ω ε ω ε ω ρ ε ω φ  (1)

where ρ, ϕ, and z are unit vectors of cylindrical 
coordinates.

Recall that εTM(ω)≡ ε⏊(ω). Lower and upper Triangles 
in Fig. 1(a) denote the experimentally measured data for 
real (Re) and imaginary (Im) parts of εTM(ω) that satisfy 
the Kramers-Kronig (KK) transformation and are tabulated 
in [29]. The dotted line and dashes represent the fit to the 
DL model provided by [8]. On the other hand, εTE(ω) that 
comprises both ε⏊ and ε|| of graphite can be modeled (See 
Appendix):

𝜀𝜀̅(̅𝜔𝜔) ≡ 𝜀𝜀̅|̅ |(𝜔𝜔) + 𝜀𝜀̅⊥̅(𝜔𝜔) ≡ 𝜀𝜀| |(𝜔𝜔)𝑅𝑅 𝝆𝝆 

+𝜀𝜀⊥(𝜔𝜔)(𝛷𝛷 𝝓𝝓+ 𝑍𝑍 𝒛𝒛)                                                   (1) 

 

 

𝐴𝐴𝜀𝜀TE2 + 𝐵𝐵𝜀𝜀TE + 𝐶𝐶 = 0 (2) 

 

 

 (2)

	
To obtain the constants A, B, and C as given by (A.3.b)-

(A.3.d), in addition to the data mentioned above for ε⏊, 
collective experimental data for ε|| presented by [30] were also 
utilized. Setting m=1 and ρ=0.2 as a typical ratio in (A.3.b) 
to (A.3.d), one can obtain εTE(ω) by solving (2). The lower 
and upper Triangles in Fig. 1(b) depict the real and imaginary 
parts of εTE(ω) calculated in this manner [10]. The dotted line 
and dashes show the fit to the DL model of (A.4) using the fit 
parameters tabulated in Table A.1 [31].

As the optical response of any material converges to unity 
at ultra-high frequencies, based on the associated Drude-
Lorentz (DL) model, it is reasonable to anticipate that the 
permittivity function be seamlessly extrapolated via inductive 
reasoning. This extrapolation occurs smoothly beyond the 
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frequency of 5 PHz (Figure 1) and exhibits no additional 
fluctuations. Consequently, we extend the DL models until 
the response converges to their infinity response, which 
transpires at approximately 17.5 PHz, corresponding to an 
energy level of ~ 71.5 eV (λ ~ 17 nm).

3- Results and Discussions
Figure 2 illustrates schematics of the top views of two 

2D-PhCs, each made of a 2D array of MWCNTs of inner and 
outer radii of r and R, with a square lattice of pitch ‘a’ oriented 
along (a) Γ-X and (b) Γ-M direction. On the right side of 
each lattice, a square of side ‘a’ represents the affiliated unit 
cell, wherein the triangle ΓXM describes the corresponding 
irreducible Brillouin zone. The two coordinate systems 
depicting the polarization directions of TM and TE incident 
waves are also shown on the right. We took the number of 
MWCNT columns along the propagation direction (x) to 
be N and infinite along the y-direction, utilizing the periodic 
boundary conditions (PBC). The optical power threshold for 
the nonlinear effects in CNTs can vary depending on their 
specific types and experimental conditions. Generally, it 
ranges from a few hundred W/m2 to several KW/m2. Since 
the nonlinear effects are not a concern of the present study, 
we assume a low input power of 1 W/m2, as in similar studies 
[8, 10].

Thanks to the availability of physical and corresponding 
DL models for dispersion relations of individual MWCNTs 
for both TM and TE incident waves, we can now accurately 
predict the photonic responses of the MWCNT-PhC depicted 
in Figure 2 for both polarizations. Generally, the photonic 
response of a PhC is contingent upon its lattice type, 
geometrical parameters (such as a, r, R, and N), and the 
polarization and direction of the incident wave relative to the 
PhC’s lattice line of symmetry (Γ-X or Γ-M). The following 
subsections explore how these parameters influence the 
PhC’s optical responses (from UV to EUV).

Fabricating periodic arrays of MWCNTs with a maximum 
periodicity of a few tens of nanometers for applications in 
UV and EUV devices requires advanced techniques such 
as electron beam lithography (EBL) combined with a 
templating process, nanoimprint lithography, and interference 
lithography, by either of which one can grow the desired 
arrays nanotubes on integrable substrates such as Si and 
sapphire. An example is using EBLE to pattern a resist layer 
and then templating the pattern onto the substrate to create 
periodic arrays of MWCNTs [32]. An alternative method is 
nanoimprint lithography, a high-throughput, high-resolution 
patterning technique that enables one to create periodic 
arrays of MWCNTs by transferring a pattern from a mold to a 
substrate [33]. The third technique is interference lithography, 
which involves using the interference pattern of multiple 
coherent light beams to create periodic nanostructures. This 
technique can enable the fabrication of large-area periodic 
arrays of MWCNTs with precise control over the periodicity 
[34].

3- 1- Dependency of the Bragg response on the polarization 
and lattice orientation

We examined two PhC arrays as depicted in Figure 2, 
having identical parameters (N = 200, a = 25 nm, R = 5 nm, 
and r = 1 nm). Each PhC was subjected to an incident wave 
of either TM (TE), which struck it along its line of symmetry 
Γ-X (Γ-M). Analyzing the optical responses of the PhCs, we 
calculated the reflectance spectra for all four scenarios (Fig. 
3). The diagram illustrates two pairs of reflectance peaks 
occurring at ~1.1 and ~ 3.4 PHz for the TM: Γ-X and TM: Γ-M 
(see the inset) which predominantly stem from metallic-like 
characteristics (i.e., non-Bragg reflections) [10]. Notably, the 
frequencies of these two peaks correspond to the frequencies 
at which the two minima in the Re(εTM) appear, as depicted by 
the blue dotted line in Figure 1(a). These minima result from 
internal excitations within the graphite layers associated with 

 

Fig. 1. Kramers-Kronig constraint Drude-Lorentz dielectric function of an individual MWCNT to (a) TM [29] and (b) TE [10] 

incident waves. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Kramers-Kronig constraint Drude-Lorentz dielectric function of an individual MWCNT to 
(a) TM [29] and (b) TE [10] incident waves.
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π and σ bonds [35].
When a TE incident wave is applied to this PhC, the 

metallic-like resonances it generates are minimal. This is due 
to the effective inter-atomic distance, which is perceived by 
an in-plane electric field and equals the inter-layer spacing. 
In contrast, the actual inter-atomic distance along the axis of 
the CNT, which is experienced by a TM incident wave is 2.7 
times smaller than the inter-layer spacing. To simplify, the 
number of excited electrons contributing to the resonances 
sensed by a TE incident wave is significantly lower than 
those a TM incident wave can excite along the MWCNT 

axes. This is because the in-plane component of the electric 
field vector within the graphitic plane primarily excites 
hybrid sp2 covalent bonds. Equation (2) demonstrates this 
limitation, presenting the model for εTE(ω). Essentially, 
for the TE incident, the motion of free carriers is confined 
within each MWCNT shell. In contrast, for the TM incident, 
carriers’ movement can extend over the entire length (l) of 
the MWCNT.

The graph in Fig. 3 shows some additional peaks that are 
visible in the frequency range above 5 PHz. These peaks are 
influenced by factors such as the polarization of the incident 

 

Fig. 2. Schematics of the top views of a square lattice 2D-PhC of constant a, oriented along (a) Γ-X and (b) Γ-M. The yellow squares 

on the right represent the Brillouin zones in which cyan triangles represent irreducible Brillouin zones. Areas surrounded by the solid 

lines represent the corresponding unit cells. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Schematics of the top views of a square lattice 2D-PhC of constant a, oriented along (a) Γ-X and (b) Γ-M. 
The yellow squares on the right represent the Brillouin zones in which cyan triangles represent irreducible 

Brillouin zones. Areas surrounded by the solid lines represent the corresponding unit cells.

 

Fig. 3. Reflectance spectra for given values of N =200, a =25 nm, R  = 5 nm, and r = 1 nm, in response to combinations of polarization 

and lattice orientation of TM:Γ-X, TE:Γ-X, TM:Γ-M, and TE:Γ-M. The inset depicts a zoomed-in portion of the spectra for better 

distinction of the material-dependent (non-Bragg) peaks for TM: Γ-X and TM; Γ-M. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Reflectance spectra for given values of N =200, a =25 nm, R  = 5 nm, and r = 1 nm, in response to 
combinations of polarization and lattice orientation of TM:Γ-X, TE:Γ-X, TM:Γ-M, and TE:Γ-M. The inset 
depicts a zoomed-in portion of the spectra for better distinction of the material-dependent (non-Bragg) 

peaks for TM: Γ-X and TM; Γ-M.
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wave, and the lattice type and geometry, and describe 
respective Bragg’s reflections. The real and imaginary 
components of both εTM and εTE have insignificant frequency 
dependence in this range (as seen in Fig. 1). The strength of 
reflectance in each case depends on the effective refractive 
index contrast sensed by the corresponding polarization and 
the attenuation in the related frequency range. In other words, 
similar to what is observed in conventional pillar-based 
PhCs, the difference between each TE reflectance peak and 
its TM counterpart, like the difference in their corresponding 
photonic bandgaps, is due to the difference between the 
refractive index contrasts effectively sensed by the TE and 
TM incident waves. 

According to the data presented in Figure A.1 (i.e., 
Re(nTM) < Re(nTE) < 1), the Bragg effect is more pronounced 
for the TM incident wave compared to the TE counterpart, in 
both lattice orientations. On the other hand, one can see that the 
first Bragg response for TM:Γ-X around 6 PHz starts before 
the second metallic-like response around 3.4 PHz entirely 
vanishes. The constructive interference between them, results 
in higher metallic-like reflections for TM:Γ-X compared 
to TM:Γ-M, despite both having identical parameters and 
fill factor (ff). Furthermore, Figure 3 indicates that the TM 
incident wave exhibits high reflectance for frequencies below 
0.5 PHz, which is attributed to the Drude dispersive nature of 
MWCNTs [36]. 

3- 2- Dependency of Bragg’s Response on N
For a Bragg resonance to build in a photonic crystal based 

on MWCNTs (MWCNT-PhC), we require a sufficient number 
of MWCNT columns (N) along the propagation direction. 
However, due to inherent MWCNT loss, the maximum 
Bragg reflectance from an MWCNT-PhC will always be less 
than 100%. As we increase the number of columns (N), the 
Bragg reflectance will reach its maximum value. Beyond this 
point, any further increase in N would only cause a gradual 
decrease in the saturated reflectance spectra. Therefore, this 
sub-section focuses on determining the ideal value of N for 
each given condition under study to optimize the fabrication 
cost. The analysis presented in this study provides valuable 
insights into the design and optimization of MWCNT-PhCs 
for various applications in photonics and optoelectronics.

Here, keeping all parameters fixed as mentioned in sub-
section 3.1 and varying (N = 50, 100, 200, and 400), we 
calculated the reflectance spectra for both lattice orientations 
of Fig. 2 when illuminated by both TE and TM incident waves. 
Figure 4 illustrates the numerical results in separated spectral 
windows for each case to make each spectrum as distinct as 
possible. Figures 4(a) and 4(b) show Bragg reflection spectra 
of the square lattice PhCs in response to TM and TE incident 
waves when lined up with Γ-X direction. Figures 4(c) and 
4(d) depict similar spectra for the square lattice when the TM 
and TE incident waves lined up with Γ-M.

After a thorough analysis of Figure 4, it is crystal clear 
that the reflectance spectra peaks at the Bragg resonance 
frequencies depict two consistent patterns across all four 
cases, except for the lower frequencies of the Γ-M orientation 

when N increases. Firstly, the peaks unquestionably rise, as 
expected. Secondly, it is evident that once N exceeds the 
value of 200, the increase in the peaks becomes trivial. This 
phenomenon strongly suggests that 200 is indisputably the 
optimal number of MWCNT columns along the propagation 
direction (x) for both Γ-X and Γ-M orientations. At around 8.5 
(8.6) PHz, the Bragg reflectance peak of a TM (TE) polarized 
input signal from the Γ-M orientation begins to decrease 
when the number of MWCNT columns surpasses 50. This 
occurrence can be explained by the rise in metallic loss of 
the MWCNTs, which stems from the imaginary components 
of the effective dielectric constants of the MWCNT arrays 
matched with the polarization (ImεTM(ω) and ImεTE(ω)) at 
the corresponding Bragg resonance frequency of the Γ-M 
orientation (see Fig. 4 of [8]). 

3- 3- Effect of lattice constant on photonic responses
In this part, we examined how altering the lattice constant 

(a) affects the optical responses of MWCNT-PhCs, as 
depicted in Fig. 2. Our simulations involved testing both TM 
and TE polarized input signals with fixed N = 200 and ratios 
of R/a = 0.2 and ρ=r/R=0.2 [10] while varying a between 
10 ≤ a ≤ 80 nm. The reflectance spectra from the different 
PhC structures were analyzed for Γ-M and Γ-X orientations, 
as shown in Fig. 5.

Our findings indicate that when the lattice constant 
is reduced to 10 nm, only one Bragg resonance frequency 
falls within the frequency range under investigation for Γ-X 
orientation at 15.03 (15.05) THz for TM (TE) polarized 
signal. However, no Bragg resonance occurs for Γ-M 
orientation in the shown frequency range. On the other hand, 
for a = 20 nm, first harmonics Bragg resonances for all four 
cases are observed around ~7.6 and ~10.7 PHz for Γ-X and 
Γ-M orientations, respectively, and either polarization. As 
the lattice constant increases, the first harmonic of the Bragg 
response exhibits a significant redshift for each case shown. 
This redshift is so significant that the first TM Bragg resonance 
for a ≥ 40 tends to overlap the corresponding second metallic-
like resonance, gradually leaving it behind and approaching 
the first metallic-like resonance for a ≥ 80 nm.

An unexpected observation has been made in the photonic 
response of TM:Γ-X for a = 80 nm. Specifically, a dip in the 
first harmonic of the Bragg resonance has been observed 
between 3 to 4 PHz, where the material response is expected 
to appear. This dip is attributed to the incoherent addition of 
the Bragg and metallic responses, resulting in their mutual 
cancellation.

3- 4- Effect of R (R/a) on photonic responses
The photonic response of MWCNT-PhC is significantly 

influenced by the size of the MWCNTs’ outer radii  (R). To 
investigate this parameter dependency, we maintained values 
of a=25, ρ=r/R=0.2, and N=200 constant and varied the 
value of R. The Bragg reflectance spectra for MWCNT-PhC 
under TM and TE polarized input signals, oriented in the Γ-X 
direction, are illustrated in Figs. 6(a) and 6(b), respectively. 
Similarly, Figures 6(c) and 6(d) depict similar spectra for TM 
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Fig. 4. The Bragg reflectance spectra for different numbers of rows and given values of a =25 nm, R  = 5 nm, and r = 1 nm, in 

response to combinations of polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) TM:Γ-M, and (d) TE:Γ-M. Insets show 

how close some peaks are to each other. 

 

 

 

 

Fig. 4. The Bragg reflectance spectra for different numbers of rows and given values of a =25 nm, R  = 5 nm, 
and r = 1 nm, in response to combinations of polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) 

TM:Γ-M, and (d) TE:Γ-M. Insets show how close some peaks are to each other.
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Fig. 5. Reflectance spectra for various lattice constants and given values of N =  200, r = 1 nm, and R / a = 0.2, in response to 

combinations of polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) TM:Γ-M, and (d) TE:Γ-M. 

 

 

 

 

Fig. 5. Reflectance spectra for various lattice constants and given values of N =  200, r = 1 nm, and R / a = 
0.2, in response to combinations of polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) TM:Γ-M, 

and (d) TE:Γ-M.
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Fig. 6. Bragg reflectance spectra for various R and given values of N = 200, a =25 nm, and R/a =r/R = 0.2, in response to 

combinations of polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) TM:Γ-M, and (d) TE:Γ-M. 

 

 

 

 

 

Fig. 6. Bragg reflectance spectra for various R and given values of N = 200, a =25 nm, and R/a =r/R = 0.2, in 
response to combinations of polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) TM:Γ-M, and 

(d) TE:Γ-M.
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and TE polarized input signals oriented in the Γ-M direction. 
Notably, for all cases shown, we observe blue-shifted and 
broadened Bragg resonances with reduced peaks as R 
increases. The latter is primarily due to increasing absorption 
by the absorbing medium (MWCNTs), deteriorating Bragg 
resonances as the R-value increases while keeping other 
geometrical parameters constant. It is also noteworthy that 
the blue-shifted and broadened Bragg reflectance spectra 
(photonic gaps) for MWCNT-PhCs with larger R/a are 
opposite to the photonic behavior observed in standard rod-
based PhCs, which exhibit red-shifted and narrowed photonic 
gaps with increasing rod radii [23]. These differences are 
because the refractive index contrast for dielectric/air in 
conventional rod-based PhC changes in the opposite direction 
than that of the MWCNT/air, with Re nTE(TM) < 1 (air) (Figure 
A.1), as R increases.

3- 5- Effect of ρ (r/R) on photonic responses
In subsection 3.4, we maintained a constant ratio of 

the inner to outer radii (ρ=r/R) of MWCNTs, significantly 
influencing the optical responses of MWCNT-PhC. To 
achieve a range of 0.1 ≤ ρ ≤ 0.3 while keeping N = 200, a 
= 25 nm, and R = 5 nm fixed, we varied the inner radii and 
obtained Bragg reflectance spectra from the MWCNT-PhC 
illuminated by TM and TE polarized signals propagating 
in the Γ-X and Γ-M directions (Fig. 7). Our findings reveal 
slight redshifts and reduced reflectance peaks at the Bragg 
resonance as ρ increases. These results are consistent with 

those of Fig. 6, albeit with a notable difference in the degree 
of redshifts. The decrease observed for each Bragg peak is 
due to the reduction in the density and the effectiveness of the 
scatterers as the inner radius increases. However, the practical 
Bragg’s responses almost remain unchanged, knowing that 
inner radii of MWCNTs in the range of 0.75 to 1 nm are the 
most influential parameter in the fabricated samples [37].

Our findings suggest that the size of R is a crucial 
parameter in determining the photonic response of MWCNT-
PhCs. These observations hold significant implications for 
the design and optimization of MWCNT-PhCs for various 
applications in EUV and soft X-ray devices, such as UV 
mirrors, lenses, and collimators. Further research is warranted 
to investigate the impact of other geometrical parameters 
on the photonic response of MWCNT-PhCs. Overall, our 
insights into the behavior of MWCNT-PhCs can facilitate 
the design and optimization of similar structures for practical 
applications [38].

Table 1 demonstrates where the present work stands as 
compared with previously published studies on MWCNT-
PhCs [7-10, 15-18] concerning the type of study, whether 
experimental (E), theoretical (T), or both (E/T), the operating 
frequency range, polarization types, use of physical models 
for the dielectric function, the inclusion of MWCNT hollow 
core effect, applying the Drude-Lorentz model for a wide-
range simulation, Kramers-Kronig (K-K) compatibility, and 
reflectance (R).

Table 1. Comparison of the present work and previously published studies on MWCNT-PhCsTable 1. Comparison of the present work and previously published studies on MWCNT-PhCs 

REFERENCE STUDY 
TYPE 

FREQUENCY 
RANGE POLARIZATION 

PHYS. 
MODEL FOR 

THE 
DIELECTRIC 

FUNCTION 

MWCNT 
HOLLOW 

CORE 
EFFECT 

DRUDE-
LORENTZ 

MODEL FOR 
WIDE-

RANGE 
SIMULATION 

K-K 
COMPATIBLE R (%) 

[7] E Visible TM − − − − N/A

[8] T UV to EUV (≤ 
10 PHz) TM No No Yes No 68% 

[9] E/T Vis-IR TM − − − − N/A
[10] T Deep UV TM/TE Yes Yes Yes Yes 75% 
[15] T Vis-IR TM No* No No No N/A 
[16] E/T IR TM/TE No* No No No 85%
[17] E IR TM − − − − N/A

[18] T Visible TM/TE Yes** No No No 5-20% 

PRESENT T UV to EUV 
(≤18 PHz) TM/TE Yes*** Yes Yes Yes 82% 

* Constant Complex Number. 
** Oversimplified Model. 
*** Expanded Via Inductive Reasoning. 
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Fig. 7. Bragg reflectance spectra for various 𝜌𝜌 and given values of N = 200, a =25 nm, and R = 5 nm, in response to combinations of 

polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) TM:Γ-M, and (d) TE:Γ-M. 

 

 

 

 

 

Fig. 7. Bragg reflectance spectra for various ρ  and given values of N = 200, a =25 nm, and R = 5 nm, in 
response to combinations of polarization and lattice orientation (a) TM:Γ-X, (b) TE:Γ-X, (c) TM:Γ-M, and 

(d) TE:Γ-M.
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4- Conclusion
The paper presents a comprehensive analysis of the 

photonic performances of β-aligned MWCNT ordered arrays, 
utilizing two experimentally and semi-empirically approved 
models for the dielectric function of an individual MWCNT 
in response to TM and TE incident waves. These models have 
been developed and fitted with the Drude-Lorentz model in 
earlier research and satisfy the Kramers-Kronig relations. The 
study employs the FDTD method to analyze the dependence 
of the photonic responses on the PhC geometrical parameters 
and incident signal orientation. 

The results demonstrate the sound operation of the 
photonic structure up to extreme UV, which can be tuned 
over a frequency span of deep to EUV, with applications 
ranging from UV mirrors to UV lenses, and collimators. The 
paper highlights that wavelength windows down to 15 nm, 
which remained almost unexplored for a while in PhC-based 
photonics, are now more available, making it possible to be 
applied in EUV and soft X-ray devices and applications. 
Overall, the study contributes significantly to the field of 
photonic structures and offers promising avenues for future 
research in the area.
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Appendix 

A TE polarized incident wave leads to the polarizability per length for an individual MWCNT, (tubular 

fullerene), as given by [20]: 

 𝛼𝛼𝑚𝑚𝑎𝑎 = 4𝜋𝜋𝜀𝜀0𝑅𝑅2𝑚𝑚
(𝜀𝜀∥2ℓ2−1)(𝜌𝜌2ℓ𝑚𝑚−1)

(𝜀𝜀∥ℓ−1)
2𝜌𝜌2ℓ𝑚𝑚−(𝜀𝜀∥ℓ+1)

2 (A.1) 

where m is the order of the Bessel function and for a TE-polarized external field m=1 [20], a indicates the 

cylinder is anisotropic, ρ=r / R, with r and R being radii of the inner and outer shells of the MWCNT and 

ℓ ≡ (ε⏊/ε||)1/2. To develop a model for εTE(ω) one must have a set of data for αm(ω) [10]. To obtain such data, 

we have used the collective experimental data for ε|| presented by [30] that satisfies the KK relation for the 

whole range of frequencies. 

To develop our model, we have also considered a hypothetical isotropic cylinder with the same inner and 

outer radii as those of the assumed MWCNT. The polarizability of this hypothetical isotropic cylinder can 

be obtained by setting ε⏊=ε||= ε in Eq. (A1) [10]: 

 𝛼𝛼𝑚𝑚𝑖𝑖 = 4𝜋𝜋𝜀𝜀0𝑅𝑅2𝑚𝑚 (𝜀𝜀2 − 1)(𝜌𝜌2ℓ𝑚𝑚 − 1) [(𝜀𝜀 − 1)2𝜌𝜌2ℓ𝑚𝑚 − (𝜀𝜀 + 1)2]⁄  (A.2) 

where i indicates the isotropicity of the assumed hypothetical cylinder. Whenever this polarizability 

becomes equal to that of the anisotropic MWCNT (i.e., i a
m m  ) under the same TE incident wave, εTE of 

the assumed MWCNT will be equal to the dielectric function of the hypothetical isotropic cylinder; i.e., 

εTE(ω) = ε(ω). Equating (A1) and (A2) leads us to a quadratic equation for εTE that is [10]: 

 𝐴𝐴𝜀𝜀TE2 + 𝐵𝐵𝜀𝜀TE + 𝐶𝐶 = 0 (A.3a) 

where, 

 𝐴𝐴 = (1 + ℓ𝜀𝜀∥) + (1 − ℓ𝜀𝜀∥)(𝜌𝜌2𝑚𝑚(ℓ+1) − 𝜌𝜌2ℓ𝑚𝑚 − 𝜌𝜌2𝑚𝑚) (A.3b) 
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 𝐵𝐵 = (ℓ2𝜀𝜀∥2 − 1)(𝜌𝜌2𝑚𝑚(ℓ+1) + 𝜌𝜌2ℓ𝑚𝑚 − 𝜌𝜌2𝑚𝑚 − 1) (A.3c) 

 𝐶𝐶 = ℓ𝜀𝜀∥(1 − ℓ𝜀𝜀∥)(𝜌𝜌2𝑚𝑚(ℓ+1) − 𝜌𝜌2ℓ𝑚𝑚 − 𝜌𝜌2𝑚𝑚 + 1) (A.3d) 

Now, to perform our numerical simulations for PhCs consisting of an array of such MWCNTs, employing 

FDTD, we need to present these data in the form of the Drude-Lorentz formula: 

 𝜀𝜀TE(𝜔𝜔) = 𝜀𝜀∞ +∑ 𝑠𝑠𝑗𝑗2 (𝜔𝜔𝑗𝑗2 − 𝜔𝜔2 − 𝑖𝑖𝑖𝑖𝛾𝛾𝑗𝑗)⁄
𝑀𝑀

𝑗𝑗=1
 (A.4) 

wherein ε∞ is the relative permittivity as the frequency approaches infinity (ω→∞) and ωj, and γj are the 

oscillation frequencies and corresponding decay rates, respectively, and sj= ωp( fj )1/2 in which ωp is the 

plasma frequency and fj represent the oscillators’ strengths. Assuming M=7 and using the aforementioned 

parameters as fit parameters given in Table A.1 we have obtained the dotted and dashed lines in Fig. 1(b) 

in the paper. 

Table A.1. Fit parameters used to obtain DL data presented by dotted and dashed lines in Fig. 1(b), using ε∞=0.925. 

J ħωj (eV) ħγj (eV) ħsj (eV) 
1 0.368 4.917 1.064 
2 5.016 2.152 5.347 
3 10.058 1.870 3.332 
4 14.357 2.392 10.765 
5 16.741 5.047 8.160 
6 22.451 13.282 13.417 
7 26.869 1157.378 69.595 

 

Note that the relation between plasma frequency ωp of an individual MWCNT for a TE-wave incident, on 

the graphite’s ωp,⏊=27 eV and ωp,||=19 eV [30] is similar to the relation between the corresponding dielectric 

function εTE of the individual MWCNT and graphite’s ε|| and ε⏊, hence resulting in ωp, TE ~23 eV [10]. 

Finally, the complex refractive index for any given material can be written as n= nRe + i nIm. On the other 

hand, the relation between its real (nRe) and imaginary (nIm) parts with those of the permittivity, in general, 

is given by [35]: 
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 Re 𝑛𝑛 = [(√𝑅𝑅𝑅𝑅𝜀𝜀2 + 𝐼𝐼𝐼𝐼𝜀𝜀2 + 𝑅𝑅𝑅𝑅𝑅𝑅) 2⁄ ]
1 2⁄

 (A.5a) 

 Im 𝑛𝑛 = [(√𝑅𝑅𝑅𝑅𝜀𝜀2 + 𝐼𝐼𝐼𝐼𝜀𝜀2 − 𝑅𝑅𝑅𝑅𝑅𝑅) 2⁄ ]
1 2⁄

 (A.5b) 

 

Fig. A.1. Real and imaginary parts of complex refractive indices for an individual MWCNT in response to TM and TE incident waves. 

Substituting the modeled data for εTM and εTE as illustrated in Fig. 1(a) and (b) in Eq. (A5) one can obtain 

the real and imaginary parts of both nTM and nTE, as depicted in Fig. A.1. As observed from this figure, in 

the frequency range larger than 4.2 PHz, Re(nTM) and Re(nTE) are both less than unity. This implies that in 

any PhC made of an array of MWCNTs with Bragg response in this range of frequencies, the material 

(tubes) index is less than that of the surrounding environment (air), which is contrary to the situation of a 

PhC made of ordinary dielectric cylinders [23]. Hence, Bragg responses from MWCNT-PhCs are intended 

to function in this range of frequencies like air-hole PhCs based on usual dielectric platforms [23]. For 

instance, as the ratio R/a increases, one observes a blue-shifted and broadened photonic bandgap for TM 

incident waves of Fig. 6. 
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