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ABSTRACT:  This paper presents a multi-year scenario-based methodology for transmission expansion 
planning (TEP) in order to enhance the available transfer capability (ATC). The ATC is an important 
factor for all players of electricity market who participate in power transaction activities and can support 
the competition and nondiscriminatory access to transmission lines among all market participants. The 
transmission expansion planning studies deal with many uncertainties, such as system load uncertainties 
that are considered in this paper. The Latin hypercube sampling (LHS) method has been applied for 
generating different scenarios related to the load uncertainty. The objective function in the TEP model is 
to minimize the sum of investment costs (IC) and the expected operation costs (OC). Both ATC and TEP 
models are represented based on AC power flow constraints which are more accurate compared with the 
widely-used DC approach. In this respect, the nonlinear terms in power flow equations are linearized in 
order to obtain the efficient solutions by existing commercial solvers that can guarantee the achievement 
to the global optimal solution using branch and bound technique. The proposed model is applied to 
the IEEE 24-bus Reliability Test System and the results obtained show the efficiency, tractability and 
applicability of the proposed model. 
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1. INTRODUCTION
Transmission grid as a link between the generation and the 

demand sector plays a vital role in deregulated power system 
industries, because it should provide a nondiscriminatory 
environment for all market participants such that they can 
freely compete amongst each other. The aim of the TEP is to 
ensure that there is sufficient transmission capacity to satisfy 
the growing electricity demand reliably and economically 
[1]. Indeed, the TEP responds to the problem of where, when 
and what reinforcement should be added in an established 
planning horizon meeting techno-economic constraints. 

There are two types of TEP, static (single-year) 
transmission expansion planning (STEP), and dynamic 
(multi-year) transmission expansion planning (DTEP). In 
the multi-year nature of the TEP, it is required to consider 
multi-time periods, determining the possible transmission 
reinforcements at each time. In the single-year nature, it is 
identified, for just one stage, where transmission lines should 
be built. The DTEP problem is much more complex to solve 
and so, many research studies did not model the time of 
constructing transmissions lines [2]. 

Generally, the TEP problem is a mixed-integer, non-
convex, large-scale mathematical programing problem. 
Solution techniques for the TEP problem can be classified 
into three types: 1) mathematical optimization, 2) heuristic 

methods and, 3) meta-heuristic methods. 
Many research works related to the TEP problem can be 

found in the literature. Several recent studies of these works 
have focused on the TEP models considering wind generation. 
Ref. [3] studies the problem of robust TEP integrating 
wind power generation. The authors in [3] model the N-k 
contingency and the load uncertainty. The whole problem 
is finally formulated as a mixed-integer linear programming 
(MILP) and is solved by an MILP solver. A TEP model based on 
stochastic programming is shown in [4], where evolutionary 
algorithms and Benders decomposition are employed to 
solve the problem. A two-stage stochastic programming 
scheme for the TEP problem is presented in [5] in which two 
dependent random variables, namely, load and wind power 
are considered. A chance-constrained formulation to cope 
with the uncertainties of load and wind generation in TEP 
problem is proposed in [6] in which the authors show that 
their presented model is more computationally efficient and 
can effectively handle the corresponding uncertainties. Ref. [7] 
proposes a stochastic TEP framework to evaluate the effect of 
wind power penetration and demand response incorporation. 
It shows that the TEP solutions depend on the variation of 
wind power characteristics and thus, employing a risk-based 
approach in the present of wind power is inevitable. A bilevel 
framework for TEP and reactive power planning considering 
wind farm integration is proposed in [8]. In the upper level, 
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the investment and operation cost is minimized while in the 
lower level the market clearing process is formulated based 
on linearized optimal power flow. By using primal-dual 
formulation the bilevel model is formulated as an MILP. It is 
proposed a new methodology for TEP based on chronological 
evaluation that combines Monte Carlo and sensitivity analysis 
in [9]. A bilevel multi-stage TEP in which the wind investment 
is modeled, is presented in Ref. [10]. In this paper, the authors 
formulate the lower level problem as an AC based optimal 
power flow (OPF) rather than a DC-based OPF. They showed 
that the latter one results in inaccurate solutions. In Ref. [11] 
a new scenario generation methodology for the TEP problem 
to generate efficient load-wind power scenarios is proposed 
employing a vine-copula based approach. The proposed model 
is able to capture the inter-spatial dependencies between 
loads and wind generation. An adaptive robust dynamic 
TEP and renewable generation planning model is presented 
by [12] which is formulated as a three-level adaptive robust 
optimization problem. 

Authors of Ref. [13] present a tri-level TEP considering 
transmission cost allocation (TCA). They verified that a 
well-designed TCA model can incentivize users to invest in 
distributed energy resources, which can effectively postpone 
the investment in transmission sector and thus reduce the 
total investment costs. A security-constrained TEP based on 
AC-OPF is proposed in [14] in which the voltage security 
margin (VSM) is taken into account. A mechanism to 
select the candidate line for TEP problem is shown in [15] 
which is a complex task. An MILP model for generation and 
transmission expansion planning is formulated in [16] where 
a scenario building procedure for physical deliberate attacks 
is considered. Authors of this paper show that the proposed 
approach is able to significantly mitigate the power system 
vulnerability. A model is presented in [17] that solves the TEP 
in a stochastic optimization framework. The model uses the 
Benders’ decomposition technique in order to solve the TEP 
problem. Efficient Bender’s cut for TEP is proposed in [18] 
which are specifically tailored to the binary decision variables 
of the TEP problem. A two-stage min-max-min model for 
co-optimizing the TEP and renewable generation capacity 
expansion under high renewable uncertainty is presented 
in Ref. [19] in which in order to ensure system security, the 
compound N-K contingency criteria is employed. An MILP 
five-level model for TEP problem based on a min-max 
regret approach is proposed by [20] in which the renewable 
generation uncertainty is taken into account. Since the 
two-stage robust optimization is widely used to deal with 
uncertain demand in TEP problem, Ref. [21] proposes an 
alternative column-and-constraint generation (C&CG) 
algorithm in which the max-min problem related to the 
second stage is solved by means of a block coordinate descent 
method. The advantage of this method is that it does not rely 
on the converting of the second-stage problem into a single-
level problem. A robust TEP model considering long- and 
short-term uncertainties is shown in [22] which is solved by 
primal Benders’ decomposition algorithm. A multi-objective 
bilevel model is presented in [23] in which the objectives are 

investment cost (IC) and congestion cost (CC). 
All the papers surveyed above approach the TEP problem 

from different perspectives. However, none of them consider 
the available transfer capability in their formulation, when 
they decide to expand the transmission network. This issue is 
particularly much important in the restructured environment, 
because it can guarantee the nondiscriminatory access of the 
players to the transmission grid in the electricity market. 
In other words, it can facilitate the competition between 
producers and thus, will enhance the system efficiency. Thus, 
the shortcoming of the existing models is that they ignore the 
ATC evaluation in their model which as a consequence might 
jeopardize the competition of the market participants. 

In this paper, we propose a novel strategy to expand 
the transmission network based on the available transfer 
capability criteria in which both TEP and ATC models are 
represented using AC power flow equations instead of using 
the well-known simplified DC method. ATC is used to ensure 
that electric energy systems can work reliably under all 
conditions. Also, sufficient ATC is able to support free trading 
between all market players. 

Motivated by the aforementioned points, the contribution 
of this paper can be listed as follows:

1- To incorporate the ATC as an important criterion in 
the TEP problem based on AC power flow constraints. In this 
way, the network is expanded such that the ATC is improved 
which as a result, lead to a more reliable power systems. 
Therefore, the market participant can freely compete in order 
to trade electricity energy. 

2- To linearize the ATC formulation around its operating 
point considering special ordered set of type 2 (SOS2). 

We also model the load uncertainty where a normal 
PDF is assigned to the load at each bus. In order to generate 
scenarios related to the load uncertainty, LHS is employed that 
outperform the Monte Carlo simulation (MCS). Additionally, 
an efficient linearization technique is used in order to ensure 
that the global optimal solutions can be achieved by existing 
powerful MILP solvers. 

The remainder of this paper is outlined as follows: 
Section 2 presents the ATC definition and calculation. The 
TEP problem considering ATC is formulated in section 3. 
The numerical experiments are presented in section 4, and 
conclusions are drawn in section 5. 

2. AVAILABLE TRANSFER CAPABILITY 
In order to enhance the competition between market 

participants, the Federal Energy Regulatory Commission 
(FERC) has mandated the open access nondiscriminatory 
transmission services [24]. In this respect, the ATC 
criterion plays a vital role in providing a nondiscriminatory 
environment for all market players. The ATC can considerably 
affect the energy market equilibrium point and is a suitable 
factor for planning of a transmission system. As stated by 
North American Reliability Council (NERC) [25], the ATC 
is a measure of transfer capability remaining in the physical 
transmission network for further commercial transactions. 
Mathematically speaking, the ATC can be written as:
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ATC TTC TRM CBM ETC= − − − 	      � (1)

where the TTC is the Total Transfer Capability, TRM is the 
Transmission Reliability Margin (TRM), CBM is the Capacity 
Benefit Margin and ETC is the Existing Transmission 
Commitments. More details are given in [25] to determine 
TRM and CBM. Identifying TRM and CBM is not the focus 
of this paper and so by ignoring TRM and CBM, the ATC 
can be simply determined as: ATC=TTC-ETC. Four different 
methods exist in order to calculate ATC [26] 1) Continuation 
power flow (CPF) methods; 2) Security-constrained optimal 
power flow (SCOPF) methods; 3) stochastic programming; 
and 4) artificial intelligence techniques. In this paper, the 
same formulation employed in [24] is used to calculate the 
ATC. In this way, utilizing the AC power flow constraints, the 
following nonlinear optimization problem should be solved:

max  OF λ=  	   �    (2)

subject to:

i i ij
j

Pg Pd Pl− =∑              �    (3)

i i ij
j

Qg Qd Ql− =∑ 	            �       (4)

( ) ( )( )2
ij ij i i j ij i j ij i jPl G V VV G cos B sinθ θ θ θ= × − − + − � (5)

( ) ( )( )2
ij ij i i j ij i j ij i jQl B V VV G sin B cosθ θ θ θ= − × − − − − 	�   (6)

( ) ( ) ( )22 2 max
ij ij ijPl Ql Sl+ ≤  	    �  (7)

min max
i i iV V V≤ ≤  		                                         (8)

min max
i i iPg Pg Pg≤ ≤ 	                                        	 (9)

min max
i i iQg Qg Qg≤ ≤ 	               �     (10)

( )0 1     i i iPg Pg Kg i sourceλ= + × ∀ ∈         � (11)

( )0 1     i i iPd Pd Kd i sinkλ= + × ∀ ∈           �             (12)

( )0 1     i i iQd Qd Kd i sinkλ= + × ∀ ∈                       (13)

where 0
iPg  , 0

iQg  and 0
iPd  are the active and reactive 

power generation and the demand in base case. iKg  and 
iKd  are constant parameters used to determine the change 

rate in generation and demand, respectively. Objective 
function is defined by Eq. (2). Decision variable λ  is an 
auxiliary variable used to calculate the ATC. Indeed, it shows 
that how much the amount of active and reactive power 

demand at different buses of power system can be increased 
-as defined by equations (12) and (13)- without violating the 
system constraints. Note that the power factor is assumed to be 
constant. It is clear that power generation should be increased 
as well to satisfy the demand which has been denoted by Eq. 
(11). Eqs. (3) and (4) are active and reactive power balance. 
Eq. (5) and (6) are active and reactive power flow through line 
ij. Apparent power flow through line is restricted by Eq. (7). 
Voltage magnitude and active and reactive power generation 
is limited by Eqs. (8) to (10). 

After identifying the scalar variable λ , the TTC is 
obtained from the following equation:

( ) 0
i max i

i sink i sink

TTC Pd Pdλ
∈ ∈

= −∑ ∑  � (14)

In [27], an iterative distributed algorithm for real-
time ATC assessment is proposed and then the proposed 
nonlinear optimization power flow is solved by an augmented 
Lagrangian method. A non-deterministic model for the 
ATC assessment is developed in [28] in which the effect of 
existing and future wind power generation is investigated. 
They showed that the wind generation uncertainties can be 
effectively handled by their proposed method. In order to 
consider the wind uncertainty impact on economic dispatch 
(ED) and ATC evaluation, a bilevel model is proposed in [29] 
in which the upper level shows the ATC calculation and the 
lower level is the ED problem. Authors in Ref. [30] create a 
multi-area representation of power system based on ATCs 
between each pair of buses. 

3. MULTI-YEAR STOCHASTIC FORMULATION OF TEP
This section is divided into three subsections. Subsection 

3.1 demonstrates the scenario generation technique. 
Subsection 3.2 formulates the TEP problem and finally 
subsection 3.2 discusses how the ATC-related coefficients in 
the TEP problem can be identified. 

3.1. Scenario generation
Stochastic programming is a mathematical programming 

that includes some uncertain parameters with known 
probability distribution function (PDF) based on which 
the expected objective function is optimized. To solve the 
stochastic programming problems, it is needed to generate 
scenarios based on the assumed PDF. In this paper, the load 
uncertainty is considered in which the normal PDF are 
assumed for the future loads. 

In order to generate the corresponding scenarios, it is 
needed to employ sampling techniques. Sampling is a key 
process required in Monte Carlo (MC) analysis. The most 
widely used sampling technique is Monte Carlo Sampling 
(MCS). However, the MCS technique, does not guarantee that 
sample numbers will cover the whole sample range [31]. Latin 
Hypercube Sampling (LHS) is another efficient sampling 
technique that produces random sample elements from the 
marginal cumulative distribution function (CDF). Compared 
with MCS, LHS is able to generate a more precise result with a 
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much smaller sample size [32]. Ref. [33] details the procedure 
to implement LHS.

3.2. AC-TEP problem formulation 
In this section, the TEP problem based on the AC 

power flow equations is formulated. It is assumed that the 
ISO (Independent System Operator) is responsible for 
transmission network planning. The objective function 
consists of the investment cost (IC) plus the operation cost 
(OC) that includes the total generation cost which is defined 
by Eq. (15) [14]. 

� (15)

10 
 

another efficient sampling technique that produces random sample elements from the marginal 

cumulative distribution function (CDF). Compared with MCS, LHS is able to generate a more 

precise result with a much smaller sample size [32]. Ref. [33] details the procedure to implement 

LHS. 

3.2. AC-TEP problem formulation  

In this section, the TEP problem based on the AC power flow equations is formulated. It is assumed 

that the ISO (Independent System Operator) is responsible for transmission network planning. The 

objective function consists of the investment cost (IC) plus the operation cost (OC) that includes 

the total generation cost which is defined by Eq. (15) [14].  

Min   𝑂𝑂𝑂𝑂 = ∑ 1
(1+𝑟𝑟)𝑡𝑡−1 ( ∑ 𝜓𝜓𝑖𝑖𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖𝐼𝐼𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖⏟          

Investment Cost(IC)
+ 𝜎𝜎 ∑ 𝜋𝜋𝑠𝑠 ∑ 𝐶𝐶𝐶𝐶𝑖𝑖𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖𝑛𝑛𝑛𝑛

𝑖𝑖=1⏟        
Operation Cost(OC)

𝑛𝑛𝑛𝑛
𝑠𝑠=1 )𝑛𝑛𝑛𝑛

𝑡𝑡=1                              (15) 

subject to:  

𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖 = ∑ 𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑗𝑗                           (16) 

𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖 = ∑ 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑗𝑗                           (17) 

𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖 (𝑉𝑉𝑖𝑖𝑖𝑖𝑖𝑖2 𝐺𝐺𝑖𝑖𝑖𝑖 − 𝑉𝑉𝑖𝑖𝑖𝑖𝑖𝑖𝑉𝑉𝑗𝑗𝑗𝑗𝑗𝑗 × (𝐺𝐺𝑖𝑖𝑖𝑖cos(𝜃𝜃𝑖𝑖𝑖𝑖𝑖𝑖 − 𝜃𝜃𝑗𝑗𝑗𝑗𝑗𝑗) + 𝐵𝐵𝑖𝑖𝑖𝑖sin(𝜃𝜃𝑖𝑖𝑖𝑖𝑖𝑖 − 𝜃𝜃𝑗𝑗𝑗𝑗𝑗𝑗)))                        (18) 

𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖 (−𝑉𝑉𝑖𝑖𝑖𝑖𝑖𝑖2 𝐵𝐵𝑖𝑖𝑖𝑖 − 𝑉𝑉𝑖𝑖𝑖𝑖𝑖𝑖𝑉𝑉𝑗𝑗𝑗𝑗𝑗𝑗 × (𝐺𝐺𝑖𝑖𝑖𝑖sin(𝜃𝜃𝑖𝑖𝑖𝑖𝑖𝑖 − 𝜃𝜃𝑗𝑗𝑗𝑗𝑗𝑗) − 𝐵𝐵𝑖𝑖𝑖𝑖cos(𝜃𝜃𝑖𝑖𝑖𝑖𝑖𝑖 − 𝜃𝜃𝑗𝑗𝑗𝑗𝑗𝑗)))                     (19) 

𝑃𝑃𝑃𝑃𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝑃𝑃𝑃𝑃𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚                             (20) 

𝑄𝑄𝑄𝑄𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝑄𝑄𝑄𝑄𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚                                                                                                   (21) 

(𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
2 + (𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

2 ≤ 𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖(𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖max)
2
                         (22) 

𝑉𝑉𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝑉𝑉𝑖𝑖 ≤ 𝑉𝑉𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚                               (23) 

Eqs. (16) and (17) indicate active and reactive power balance at each bus, respectively. Eqs. 

(18) and (19) represent active and reactive power flow, respectively. Eqs. (20) and (21) show the 

power generation limits of generators. Limits on transmission flow are shown by (22). Voltage 

magnitude is restricted by (23). 

subject to: 

 its its ijts
j

Pg Pd Pl− =∑ 	           �     (16)

its its ijts
j

Qg Qd Ql− =∑ 	         �     (17)

      
( ) ( )( )( )2 cos sin    ijts ijt its ij its jts ij its jts ij its jtsPl u V G V V G Bθ θ θ θ= − × − + −

 �(18)
( ) ( )( )( )2 cos sin    ijts ijt its ij its jts ij its jts ij its jtsPl u V G V V G Bθ θ θ θ= − × − + −

( ) ( )( )( )2 sin cos  ijts ijt its ij its jts ij its jts ij its jtsQl u V B V V G Bθ θ θ θ= − − × − − −

( ) ( )( )( )2 sin cos  ijts ijt its ij its jts ij its jts ij its jtsQl u V B V V G Bθ θ θ θ= − − × − − −
	            � (19)

min max
i its iPg Pg Pg≤ ≤ 		    �   (20)

min max
i its iQg Qg Qg≤ ≤ 	            �  (21)

( ) ( ) ( )2 2 2max
ijts ijts ijt ijPl Ql u Sl+ ≤

 
	  � (22)

    min max
i i iV V V≤ ≤ 		    � (23)

Eqs. (16) and (17) indicate active and reactive power 
balance at each bus, respectively. Eqs. (18) and (19) represent 
active and reactive power flow, respectively. Eqs. (20) and 
(21) show the power generation limits of generators. Limits 
on transmission flow are shown by (22). Voltage magnitude 
is restricted by (23).

3.3. Linearization of the AC-TEP problem 
The AC-TEP model presented in subsection 3.2 is 

nonlinear. An efficient linearization technique based on the 
model presented in [34] is employed here. For the sake of 

simplicity, we drop the index of scenarios s and time t. 
Assume cosij ijm δ=  and sinij ijn δ= . Using the Taylor 

series expansion with respect to the variables ( , , , )i j ij ijV V m n  
around point ( ) ( ), , 1,1,0i j ijV V δ = , Eq. (18) can be written as 
(24):

( ) ( ) ( )( )2 1 2ij ij ij i ij i j ij ij ijPl u G V G V V m B n= − − + + − −
�

(24)

Using big-M technique, Eq. (24) is recast as below which 
is linear with respect to , , ,i j ij ijV V m n :

( ) ( ) ( )( ) ( )12 1 2 1ij ij i ij i j ij ij ij ijP g V g V V m b n M z− − − + + − − ≤ − (25)

( ) ( ) ( )( ) ( )12 1 2 1ij ij i ij i j ij ij ij ijP g V g V V m b n M z− − − + + − − ≥ − − (26)

In a similar way, Eq. (19) can be linearized. Variables of 
ij ijm cosδ=  and ij ijn sinδ=  can be approximated by PWL 

approximation using SOS2 [34]: 

val
ij ijk ijk

k

δ λ δ=∑
�

(27)

val
ij ijk ijk

k

m cosλ δ=∑
�

(28)

val
ij ijk ijk

k

n sinλ δ=∑
�

(29)

1ijk
k

λ =∑
�

(30)

  2ijk is SOSλ
�

(31)

For more details about the concept and implementation 
of SOS2 readers are referred to [34]. In the above-mentioned 
equations, val

ijkδ  are the set of break-points. Eq. (22) shows 
a circle which can be effectively approximated by an n-sided 
regular polygon. Therefore, nonlinear Eq. (22) is replaced 
with the following linear equations [35]: 

2 2ij ij ijz M P z M− × ≤ ≤ ×
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It should be highlighted here that the ATC formulation 
can be linearized in the same way. Therefore, it is possible 
to use mixed-integer linear (MIL) solvers to efficiently solve 
both problem. 
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3.4. Calculation of the ATC coefficients in the TEP problem
In this part, we discuss a method through which the 

ATC coefficients can be calculated. Having ns scenarios 
generated by LHS, ATC is calculated for each scenario. After 
ATC calculation, the buses and lines in which the voltage 
magnitude or thermal limits is violated, are determined. It 
is required to specify the effect of candidate line closure on 
the voltage magnitude and power flow of overloaded lines. 
This can be carried out either by power flow analysis or by 
sensitivity analysis. It is obvious that the latter is faster but 
less accurate, if compared with the exact power flow analysis. 
Afterwards, the expected change (in percent) in voltage 
magnitude or power flow due to closing the candidate line 
can be determined as follows:
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where X refers to voltage magnitude or power flow through a line and ∆𝑋𝑋𝑠𝑠 denotes the effect of 

candidate line closure on value of X in scenario s. After identifying these expected values, we define 

a function as follows: 

𝜓𝜓𝑖𝑖𝑖𝑖 = {
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𝜓𝜓𝑖𝑖𝑖𝑖 can be considered as 𝜓𝜓𝑖𝑖𝑖𝑖 = 𝑎𝑎−𝑏𝑏∆𝑋𝑋̅̅ ̅̅ 𝑖𝑖𝑖𝑖   𝑎𝑎 ≥ 1.  

4. Numerical Results:  

The presented scheme demonstrated in previous section, is applied here to the modified IEEE 24-

bus reliability test system (RTS) as shown in Fig. 2 [36] where the red dashed lines shows the 

candidate lines. The IEEE 24-bus RTS consists of 32 units, 17 demands, 38 lines and two areas in 

which area 1 is the 138-kV network and area 2 is the 230-kV network connecting with 5 tie-lines. 
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ijψ  can be considered as   1ijb X
ij a aψ −= ≥ . 

4. NUMERICAL RESULTS: 
The presented scheme demonstrated in previous section, 

is applied here to the modified IEEE 24-bus reliability test 
system (RTS) as shown in Fig. 2 [36] where the red dashed 
lines shows the candidate lines. The IEEE 24-bus RTS consists 
of 32 units, 17 demands, 38 lines and two areas in which area 
1 is the 138-kV network and area 2 is the 230-kV network 
connecting with 5 tie-lines. The presented model was coded in 
GAMS using CPLEX. The GAMS code is run on a computer 
with Intel Core™ i7 processor clocking at 2.5GHz and with 
installed memory of 8.00GB. Power flow studies are carried 
out by Matpower 6.0 [37]. In all numerical experiments, 
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minimum and maximum of the voltage magnitude of buses is 
supposed to be 0.95 pu and 1.05 pu, respectively. A 5% annual 
interest rate is assumed. Bus 23 is considered to be the slack 
bus. The expected load at each bus is considered to be increased 
at the rate of 5%. Candidate line data along with uncertain 

load data are provided in [38]. Resistance of candidate lines is 
one fifth of their corresponding reactance. In order to put the 
transmission system under more pressure, the demand and 
generators capacity in the base year is increased by 50% at 
each bus. Future horizon of 3 years has been considered in 

 

Table 1. Optimal results with and without considering ATC
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this paper. It is assumed that up to three lines can be added to 
each right of way. Number of breakpoints is considered to be 
21 in SOS2 method. In addition, a 128-sided regular polygon 
is used to approximate the circle of Eq. (22). 

Table 1 shows the results with and without considering 
ATC. Fig. 1. denotes the histogram of the ATC in both cases. 
Also, a normal PDF has been fitted to these. As it can be 
observed, the mean of ATC is increased from 1587MW to 
1841MW. Thus, it clearly shows that the proposed method 
is able to expand the transmission network securely while 
enhancing the ATC. The ATC improvement is due to 
building the more transmission lines and therefore the more 
investment cost. Another observation is that the mean of ATC 
is less than that provided in [38]. This is due to employing 
the AC power flow constraints rather than the DC power flow 
constraints as used in [38]. Since in the DC approach, the 
voltage magnitude is ignored, therefore the voltage magnitude 
limitation is no longer a constraint when calculating the ATC 
which consequently lead to more ATC. Furthermore, due to 

the reactive power flow, a portion of the line capacity is filled 
by the reactive power. 

We have also calculated the PDF of ATC in the case in 
which linear DC power flow is used. The results are depicted 
in Fig. 3. As previously stated, the mean values are less that 
in the AC power flow. Also, these values are slightly less than 
that provided in [38]. This is due to the utilization of phase 
shifter in [38] which is effectively able to change the power 
flow pattern and thereby reducing the congestion in the 
power system. As a result, ATC is increased by appropriate 
setting of phase shifters.

In Table 2, we have presented the 
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In Table 2, we have presented the ∆𝑋𝑋̅̅ ̅̅ 𝑖𝑖𝑖𝑖 for all candidate lines.  

Table 2: ∆𝑋𝑋̅̅ ̅̅ 𝑖𝑖𝑖𝑖 coefficients of candidate lines 

Candidate Line ∆𝑋𝑋̅̅ ̅̅ 𝑖𝑖𝑖𝑖 𝜓𝜓𝑖𝑖𝑖𝑖 = 2−∆𝑋𝑋̅̅ ̅̅ 𝑖𝑖𝑖𝑖 

1 (1-4) 0.09 0.9395 

2 (2-7) 0.10 0.9330 

3 (7-10) -0.29 1.2226 

4 (9-10) 0.08 0.9461 

5 (11-15) 0.21 0.8645 

6 (11-20) 0.82 0.5664 

7 (11-24) -0.43 1.3472 

8 (13-20) 0.02 0.9862 

9 (14-19) 0.36 0.7792 

 for all candidate 
lines. 

Table 3 shows the number of variables and equations 
reported by GAMS. It takes about 16 s to solve the problem. 

Although the preciseness of the linearization methodology 
in the TEP problem has been shown in Ref. [34], the 
preciseness of this technique in the ATC calculation is not 
provided. Fig. 4 depicts the approximated ATC in the base 
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Table 3. Number of variables and equations in the linearized TEP model
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case, i.e., the case in which random variables are replaced by 
their mean values. The exact ATC is 1602 MW. As it can be 
seen, as the number of breakpoints is increased, the more 
precise results are obtained but at the price of more solution 
time. The solution time is also provided in Fig. 3.

5. CONCLUSION
This paper presents a multi-year TEP model under 

uncertainty to enhance ATC. In this way, a novel TEP 
methodology is proposed in which the investment cost of 
candidate transmission lines is modified according to their 
effect on the ATC enhancement. Both TEP and ATC problems 
are formulated based on AC power flow constraints. Owing 
to the nonlinearity of the formulated problems, a linearized 
model with sufficient accuracy is employed which can ensure 
the planner that global optimal solution is obtained. The 
corresponding scenarios related to the load uncertainty were 
generated using Latin Hypercube Sampling (LHS) technique. 
The presented method was applied to the IEEE 24-bus RTS. 
From the obtained results, one can conclude that the proposed 
approach is an effective tool in order to enhance the ATC in 
power system which as a result increase the competition and 
security of the system. 

Future works of this research are to take reactive power 
planning and FACTS devices into account. Reactive power 
sources can affect the voltage magnitude of buses and thus 
can have significant effect on ATC evaluation. Additionally, 
reactive power sources as well as FACTS devices have less 
investment cost, if compared with building new transmission 
lines. 

NOMENCLATURE:
Indices

i, j Index of buses. 
s Index of scenarios.
t Index of years.

Constants
r Annual interest rate.

ICij Investment cost of candidate line ij [$].

nb Number of buses. 

nc Number of candidate lines. 

ns Number of scenarios.

iCg  Operation cost of generator i [$/MWh]. 

, its itsPd Qd  

Active and reactive power demand at 
bus i for scenario s, in year t [MW] and 
[MVar]. 

min
iPg  , max

iPg
Minimum and maximum active power 
of generator at bus i [MW].

min
iQg  , max

iQg
Minimum and maximum reactive 
power of generator at bus i [MVar].

max
ijSl  

Maximum apparent power flow of line 
ij [MVA].

ijtψ  
Weighting factor for including ATC in 
the TEP problem.

 , ij ijG B  
Conductance and susceptance of line ij 
[pu].

1 2 3, , M M M  Disjunctive (Big-M) parameters. 

min
iV  , max

iV
Minimum and maximum voltage 
magnitude at bus i [pu].

sπ
Probability of scenario s.

σ  Weighting factor.

Variables

itsPg  , itsQg
Active and reactive power of generator at 
bus i in year t for scenario s [MW] and 
[MVar].

ijtsPl  , ijtsQl  

Active and reactive power flow of line 
ij in year t for scenario s [MW] and 
[MVar].

ijtu  

Binary variable: 1 if line ij is constructed 
in year t, 0 otherwise. For all existing 

lines ijtu =1.

iV  Voltage magnitude at bus i [pu].

ijkλ  SOS2 variable. 

ijtsδ  
Voltage phase angle at bus i for scenario 
s, in year t [Rad]. 
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