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ABSTRACT:  Typically, many of the modern buildings have concrete walls constructed from cinder 
block walls, that have periodic nature in their relative dielectric constant. This periodic nature excites 
higher-order Floquet harmonic modes at microwave frequencies, which leads to the propagation of 
scattered waves along with non-specular directions. Periodic structures exhibit different behaviors when 
illuminated by different types of incident polarizations. Previous studies mainly focus on the Transverse 
Electric (TE) incident wave, where the behavior of a periodic layer is characterized easily by only 
considering the function of the relative permittivity in the equations. But, for a Transverse Magnetic 
(TM) incident plane wave, the first-order derivative of the relative permittivity function must be taken 
into account in the formulations. Accordingly, in this paper, reflection and transmission coefficients from 
a typical concrete block wall are formulated for a TM polarized incident wave. Exact boundary equations 
are written, and the effect of oblique incidence is taken into account. Also, the periodic nature of the 
inhomogeneous layer is represented by the Fourier series. In addition, two types of numerical validation 
are provided to prove the accuracy of the given theory. The ability to calculate Fourier series coefficients 
by taking the Fast Fourier Transform (FFT) of the relative permittivity function enables the introduced 
method to treat any type of periodic inhomogeneities.
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1. Introduction
Understanding the propagation mechanisms of the 

electromagnetic fields inside the walls of a building has been a 
topic of interest for decades. Growing use of wireless networks, 
from radio local area networks (LANs) to technology 
leading 4th and 5th generations of cellular networks, and the 
vital importance of behind- or through-the-wall imaging 
of humans and objects in crisis management, control, and 
security applications are some examples that show how 
important is to know the wave propagation through the walls 
as well as its scattering.

Periodic concrete cinder blocks are the constructing unit 
of common walls. Because of their periodicity, these walls can 
potentially scatter the reflected and transmitted waves along 
with non-specular directions, which must be considered 
carefully. In radar imaging applications [1]-[2], and wireless 
propagation modeling [3]-[8], characteristics of these periodic 
walls are studied mostly by the numerical and partly with the 
semi-analytical methods to find the scattering coefficients 
for both perpendicular (TE) and parallel (TM) incident 
polarizations. In the semi-analytical approaches, efforts 
have been made to study the reflection and transmission 
characteristics of concrete block walls for the TE polarized 

illumination [8]. In addition, properties of the modes in a 
medium that is periodic in one direction and is illuminated 
by a TE-polarized wave, have been formulated exactly in [9] 
and [10]. Other examples for TE-polarized incident wave are 
scattering from a rectangular room composed of concrete 
block walls illuminated by a source outside [11], and imaging 
through a concrete block wall using the back-projection 
method [12].

For the TM-polarized incident wave, the method proposed 
in [9] leads to an approximate result. A rigorous method 
to characterize the reflection and transmission coefficients 
for a binary grating periodic medium is proposed in [13]. 
However, since this method ignores the first-order derivative 
of the relative permittivity function, it does not give a reliable 
solution.

In this paper, we propose an exact solution to characterize 
the reflection and transmission properties of a medium, 
which is periodic at the center and sandwiched between two 
uniform layers and illuminated by a TM-polarized plane wave. 
In contrast to [13], our proposed method does not ignore 
the first-order derivative of the periodic relative permittivity 
function. Thus, our method will be a good candidate for the 
analysis of other types of periodic structures.

This paper is organized as follows: first, the geometry of the 
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problem is introduced in section 2. Here, we assume that the 
structure has no variation along the y-axis. The formulation 
of the solution is given in section 3. The numerical validation 
of the method is introduced in section 4. Finally, a brief 
discussion is made in the conclusion section.

2. Problem Geometry
Fig. 1 shows a concrete cinder block used in a typical wall. 

We assume that the wall extends infinitely along the x-direction 
and does not have any variations along the y-direction. As in 
Fig. 1, a three-layer wall is considered; so the problem consists 
of five regions numbered from 1 to 5. Regions 1 and 5 ( 0z <  
and 1 22 2z h h> + , respectively) are air. Regions 2 and 4 ( 10 2z h< <  
and 1 2 1 22 2 2h h z h h+ < < + , respectively) are uniform concrete 
layers with dielectric constants of 2 0conε ε ε= . For region 3 that 
is periodic with a period of xP , we set 2 0conε ε ε=  and 1 0ε ε=  for 
the dielectric and air regions, respectively. The thickness of 
the different parts is shown in Fig. 1.

The wall is illuminated by a plane-wave incident in the 
x-z plane at an angle θ  to the z-axis, with a magnetic field 
polarized along the y-axis (TM-polarized) plane-wave. For 
this problem the reflected and transmitted field coefficients 
will be derived.

3- Formulation of the Scattering Problem
According to the Floquet theorem, the periodic layer of the 

block wall supports an infinite number of Floquet harmonics, 
having wavenumber 0 sin 2  ( 0, 1, 2, )xn xk k n P nθ π= + = ± ±  along 

the x-direction. The 0 0 0k ω µ ε=  is the free-space wavenumber, 
and 0µ  and 0ε  are vacuum permeability and permittivity 
constants, respectively. From the phase continuity condition 
deduced from the boundary equations, the wavenumber 
along the x-direction will be the same in all regions. Then, the 
wavenumber along z-direction in each region will be

2 2

,
2 2

          ,          
     ,     0, 1, 2,...

         ,          

j xn xn j
zn j

xn j xn j

k k k k
k n

i k k k k

 − <= = ± ±
 − >

(1)

In (1), jk  is the wavenumber in the jth region (except region 

3) defined in section 2, which is equal to 0 conk ε for regions 2 
and 4, and is equal to 0k  for the air at regions 1 and 5.

For the boundary equations, the tangential electromagnetic 
components in each region should be written. Assuming i te ω−

time dependence, the tangential electric field will be derived 
from the tangential magnetic using the second Maxwell’s 
equation as

0
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j xj
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ωε ε
∂

=
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(2)

where jε is the relative dielectric constant in the jth region 
defined above, which is equal to 1 for regions 1 and 5, conε  

for regions 2 and 4, and ( )xε  for region 3. In the first region 
consisting of the incident wave, we have
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and in region 5, we have
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where nr  and nt  in (3) and (4) are reflection and 
transmission coefficients of Floquet harmonics, respectively.

For region 2, the tangential magnetic field component is
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where 2nI +  and 2nI −  are the field amplitudes of the forward 
and backward traveling waves in the region 2, respectively. 
Also, for the region 4
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where 4nI +  and 4nI −  are the field amplitudes of the forward 
and backward traveling waves in the region 4, respectively.

To derive the tangential electromagnetic field components 
at the periodic region, we must solve the coupled Maxwell’s 
equations rigorously. For the TM-polarization, these equations 

 
Fig. 1. A concrete block wall illuminated by the TM-polarized incident field. Transmitted and reflected Floquet modes for three 

modes of 1,0, 1n = − + are included in the figure to show the non-specular scattering paths. 

  

Fig. 1. A concrete block wall illuminated by the TM-polarized 
incident field. Transmitted and reflected Floquet modes for three 

modes of 1,0, 1n = − + are included in the figure to show the non-
specular scattering paths.
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are written for the ( , , )y x zH E E set of electromagnetic field 
components in the following form

0
x z

y
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z x
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− =
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(7)
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And
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The governing differential equations on tangential 
electromagnetic field components will be derived by 

eliminating zE terms. Consider

0
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By doing the following steps, the wave equation of the 
tangential magnetic field component will be derived:

1. Substitute (10) into (7), then multiply both sides of the 

equation by 2 ( )xε .
2. Take the derivative from both sides of (8) with respect 

to z, then multiply them by ( )xε .
3. Replace the resulting equation in step 1 into the 

equation derived from step 2.
These steps lead to the wave equation as
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The solution of the wave equation in (11) will give the 

tangential magnetic field, yH . This equation is valid for all 
of the Floquet harmonics in the periodic region.

The relative permittivity function, ( )xε , of the periodic 
region can be written in the form of Fourier series as
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Using this definition, the Fourier series of 2 ( )xε  will be

2 2 2( ) exp . expp s
p sx x

p sx i x i x
P P
π πε ε ε

         
= − −                        
∑ ∑

�
(13)

2 2 ( )( ) expp s
p s x

p sx i x
P

πε ε ε
  +

⇒ = −     
∑ ∑ ,

by changing the variable s f p= − , we will have
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It means that the Fourier series coefficients of 2 ( )xε  
are derived by convolving the Fourier series coefficients of 

( )xε  with itself. Also, by using some of the Fourier series 
properties, we have
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Now, the tangential magnetic field component in the 
region 3 can also be expressed with a Fourier expansion in 
terms of Floquet harmonics as
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Replacing (16) into (11) and defining a new variable as 
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Now, (17) can be written in the matrix form of
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where the constituent elements of the matrices in (18) can 
be determined by one-to-one comparison of (17) with (18). 
The final form of the equation in (18) is as follows

2
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where,
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The matrix form of the second-order differential 

equation in (19) can be solved if A  in (20) is diagonalizable. 
The solution of (19) leads to tangential magnetic Floquet 
harmonics in the form of
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In (21), ,n mw and mq are elements of W and Q matrices, 

respectively. Please note that, W is the eigenmatrix of A . In 

addition, mq are the positive square root of the eigenvalues of 

A , which are also diagonal elements of the diagonal matrix 

of Q . The mc+  and mc−  in (21) are the unknown coefficients 
that will be derived from the boundary condition equations.

The boundary equations are derived at 0z = , 1z h= ,

1 22z h h= +  and 1 22 2z h h= + . For a source-free problem, 
these equations are written based on the continuity of 
tangential electromagnetic field components, where for 

the TM-polarization case are yH  and xE . The resulting 
equations are as follows
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The terms ,n mv are elements of the matrix V that can be 
derived as

1
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The matrix form of boundary equations written in (22) to 
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In (33) to (40), 1Z , 2Z , 2kE and 3kE  are diagonal matrices 

which their diagonal elements are ,1 0 0znk k η , ,2 0 0zn conk k η ε

, ( ),2 1exp znik h  and ( ),2 2exp znik h , respectively. Also, the 

unknown vectors R , T , +
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−I , +c and −c  are 

vectors whose elements are nr , nt , 2nI + , 2nI − , 4nI + , 4nI − , mc+  

and mc− , respectively.
To compute the unknowns R  and T , auxiliary matrices 

can first be defined. Let
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The matrices in (41) and (42), are diagonal matrices for 
regions 4 and 2 uniform dielectric layers, respectively, which 
are interpreted as the field reflection coefficients looking up 
into the air from their respective dielectric layers.

Also for convenience, we define

1
1 2M W Z V

−
= + ⋅ � (43)

1
2 2M W Z V

−
= − ⋅ �

(44)

( )
( )

1
3 1 2 2 2

2 2 2 1 3

BF k k B k

k B k k

R E M E R E M

M E R E M E

−
= − ⋅ + ⋅ ⋅ ⋅ ⋅

+ ⋅ ⋅ ⋅ ⋅

�

(45)

11
1 3 2 31 k k BFC M E M E R

−− = ⋅ + ⋅ ⋅ 
  �

(46)

And

11
2 3 1 32 k k BFC M E M E R

−− = ⋅ + ⋅ ⋅ 
  �

(47)

Using the above matrices in (41) to (47), the required 
unknowns R  and T will be derived from (33) to (39). The 
resulting solution is as follows
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Fig. 2. Comparison of the reflection and transmission coefficients between the proposed method and the analytical method in [14] 

for the dielectric slab case of the problem of Fig. 1 with 20 cm thickness and 2 3.5 =  ( 1 0,  2xh P = =  or 12d h= ) 

  

Fig. 2. Comparison of the reflection and transmission coefficients between the proposed method and the analytical method in [14] for the 
dielectric slab case of the problem of Fig. 1 with 20 cm thickness and 2 3.5ε =  ( 1 0,  2xh P τ= =  or 12d h= )
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From the vectors R  and T , we obtain the reflection and 
transmission coefficients for the Floquet harmonics.

4- Numerical Validation
Two types of comparisons are made to validate the proposed 

formulation. In the first case, we assume that the wall is a 
uniform homogeneous layer, so we can compare the obtained 

results with the ones in the literature. Wall parameters in Fig. 
1 are set to 1 22 20 cm,  1,  3.5,  20 cmxP dτ ε ε= = = = =
. In this case, can be either zero or 2d . Then, calculated 
reflection and transmission coefficients are compared with 
the ones obtained by an analytical solution in [14]. The 
wall is illuminated by an incident plane wave at an arbitrary 
frequency of 3 GHz. The results are depicted in Fig. 2 as a 

 

 

Fig. 3. Comparison of the reflection coefficients of harmonic Floquet modes between the proposed method and Comsol for the 
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Fig. 4. Comparison of the transmission coefficients of harmonic Floquet modes between the proposed method and Comsol for the 

problem of Fig. 1 with 20 cm thickness and 2 3.5 =  ( 1 2 4 cmh = =  and 20 cmxP d= = ) 

  

Fig. 4. Comparison of the transmission coefficients of harmonic Floquet modes between the proposed method and Comsol for the problem 
of Fig. 1 with 20 cm thickness and 2 3.5ε =  ( 1 2 4 cmh τ= =  and 20 cmxP d= = )
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function of incident angle, θ , varying between 0 and 90. As 
observed an excellent agreement exists between the results.

As the second case, we consider a periodic concrete 
block wall with 20 cmxP = , 12 4 cmhτ = = , 20 cmd = , 

2 3.5ε = and 1 1ε = . The structure is illuminated by a normal 
incident plane wave, swept from 1 GHz to 4 GHz. We consider 
a total number of 51 Floquet modes in our computation. Fig. 
3 and 4 show reflection and transmission coefficients of the 
first five propagating Floquet modes. Calculated results are 
compared with the numerical results derived from Comsol© 
software. As observed, the results are in good agreement with 
each other. 

5-Conclusion
In this paper, a rigorous method was introduced to 

study the electromagnetic behavior of a periodic wall under 
the illumination of an oblique TM-polarized plane wave. 
Floquet theory together with Fourier series representation 
of the relative dielectric function of the periodic layer are 
the principal tools used to aid the solution of the boundary 
value problem and find the scattering coefficients. Numerical 
validation of the problem was also presented. The ability 
to calculate Fourier series coefficients by taking FFT of the 
relative permittivity function enables the introduced method 
to treat any type of periodic inhomogeneities.

It is worth mentioning that the assumption made during 
the solution process which accounts for no variation of the 
wall along the y-direction is not quite applicable in reality for 
some cases. The solution of a wall which varies along both x- 
and y-directions will be presented in the future works.

Nomenclature
t	 time
Ex	 electric field component in the x-direction, V/m
Ez	 electric field component in the z-direction, V/m
Hy	 magnetic field component in the y-direction, A/m
ε0	 permittivity of free-space, F/m
ε(x)	 relative dielectric function of the inhomogeneous 

periodic layer

η0	 characteristic impedance of free-space, Ω
μ0	 permeability of free-space, H/m
ω	 angular frequency, rad/s
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