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ABSTRACT

The importance of constructing the appropriate Green function to solve a wide range of problems
inelectromagnetics and partial differential equations is well-recognized by those dealing with classical
electrodynamics and related fields. Although the subject of obtaining the Green function for certain
geometries has been extensively studied and addressed in numerous sources, in this paper a systematic
method using the Method of Separation of Variables has been employed to scrutinize the Green function
with Dirichlet boundary condition for the interior region of a closed cylinder. With further rigorous
elaboration, we have demonstrated clearly the path through which the Green function can be accomplished.
Additional verifications both in analytical and computer-simulating problems have also been performed to
demonstrate the validity of our analysis.
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1- INTRODUCTION

As discussed extensively in numerous textbooks [1, 2,
3, 4] and papers [5, 6, 7], once we have obtained the
correct Green function for a particular geometry, the
problem of finding the electro-static potential (and hence
the electric field) for all problems with that particular
geometry is reduced to the trivial problem of solving the
integrals in the following equation with the specified
boundary conditions [1]:

o) = %Eovf p(¥)6 (2x)a*x

+ #
4
N

In general, a Green function for Dirichlet boundary
condition (DBC) satisfies the following equation [2]:

6 wED]
0P (x 06 (X,x
G(J’c’,x) pr —CIJ(x) Eo

da’

7,26 (£,7) = ~4n5 (2 - %) @

where G, (5c’ ;) =0 for X on the boundary surface of the
cylinder which we denote by S.

Our objective here is to construct the proper Green
function for the interior region of a closed cylindrical
surface with DBC. For our problem, we consider a
cylinder with height [ and radius a as shown in Fig.1.

It is necessary to mention that there are two possible
approaches to achieve the appropriate Green function for
the geometry introduced. Elaborating upon both
approaches, we will expand on how each of these
approaches leads to a particular solution that is apparently
different in form from the other one, nevertheless
mathematically equivalent to each other.
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Fig. 1. Conducting cylinder of height | and radius a.
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It must also be said that during all the derivations in

this paper, by primed quantities such as X, we refer to
the source points and by unprimed quantities such as
we refer to the observation points. Conventional notation
of cylindrical coordinate system (p, ¢, z) has been used
throughout the text.

It is worth noting that the concept of constructing
appropriate Green’s functions for different geometries is
becoming increasingly important in today’s analysis of
engineering problems such as antenna design, Composite
Right/Left-Handed transmission lines for more exact
solutions and simulations. [8], [9].

2- CONSTRUCTING THE GREEN FUNCTION,
FIRST APPROACH

Cylindrical coordinate system is one of the eleven
different coordinate systems in which the Laplacian
operator is known to be separable [2]. Thus we can
separate the corresponding Green function as follows:

G (f, ;) =G(p,p, b, ¢,2,2)
=R(p,p)Q(¢.¢)Z(z2)

The Laplacian operator in the cylindrical coordinate
system is defined as:

®)
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Replacing (3) and (4) in (2) we get:

R R 1¢ 72

44— 4 = 5

pR+R+p2Q+Z 0, p#0 (®)

At this stage, two mathematically valid options of
allocating separation constants are available. Here, we
evaluate both options and examine the results.

First, it is conventional to assign the positive number

+k? to the term Z; where k is an arbitrary number
leading to:

7 —k2Z=0 ©)
IR R,10 e (7)
pR R p*Q

After appropriate rearrangements in the equation (7)

and assigning separation constant —v? to the term %

where v is an arbitrary number, combined with (6), we
obtain three ordinary differential equations (ODES):

Q +v?Q=0 ®)

p*R"+ pR (p) + (k*p* —v*)R =0 )
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At this point, we particularize solutions of each of the
aforementioned ODEs.

Rewriting equation (6) in a more comprehensive form,
we have:

d?Z(z,z)
dz?
Dictating the general solutions of the above-

mentioned ODE and also basic concepts of Green
function method we arrive at:

Zk(z, z')
3 Ay (2") sinh(kz) + By(z) cosh(kz) 0<z<z <l (11)
B {Ck(z') sinh(kz) + Dy(z) cosh(kz) 0<z <z<I

— kZZ(Z, Z') =0 (10)

Enforcing the boundary condition Zy(z,z) | ;= = 0,
leads to B (z') = 0.

Applying the second boundary condition, namely
Z(2,2) | ;=1 = 0, leads to:
, cosh(kl) ,
_ _ 12
Cu(2) sinh(kl) Di(2) 12

Additionally, there are two more restrictions on the
Green function which lead to establishing the other two
coefficients. The first restriction is the continuity theorem
which states that the Green function is continuous around
the source point [10]. It is important to emphasize that the
continuity theorem also holds for each of the components
of a Green function separately in general. As a result:

, ) 13
ZK(Z’Z ) | z=z+ = ZK(Z’Z ) |z=z,_ &
which leads to:
N ~ (cosh(kz")  cosh(kl)
A(2) = Di(2) (sinh(kz') B sinh(kl)) (14)

sinh(k(l —z"))
sinh(kz") sinh(kl)

= D(z)

The second restriction is the symmetry of Green
function between source points and observation points,
both in its general form and also for each of its
components similar to the continuity theorem [3].
Mathematically, for the Green Function with DBC, we
have:

Gp (%) = G (¥, %) (15)
Generally we enforce this rule to the system of
solutions, by equating one solution in the system with the

other one with its primed and unprimed parameters
exchanged, that is:
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sinh(k(l —2"))
) T Sinh (kD)
B sinh(k(l —2"))
= Di(z) sinh(kz") sinh(kl)

(16)

sinh(kz)

in which we have equated the first solution with the
second one with primed and unprimed parameters
exchanged in the second one. Hence:

Dk (z) sinh(kz') = Dy(z’) sinh(kz)

= D(x) = sinh(kx) )

Having determined all the coefficients, we arrive at
the following expression for Z,(z,z):

Zi(2,2)
(sinh(kz) sinh(k(L - 2))
_ J sinh(kl)

sinh(k(l — z)) sinh(kz")
l sinh(kl)

0<z<z <l (18)

0<z<z<l

The next step is to derive the solution for the ODE
involving function Q,(¢,¢). Rewriting the ODE in its
more complete form we have:

d*Q(¢. ¢)
d¢?
Again the general solution can be written as:

Qu(¢:¢,), ) )
B {A,,(zp )sin(v) + B, (¢p) cos(vp) 0 < ¢ < ¢’ < 2 (20)
¢, (¢) sin(vp) + D, (¢") cos(vd) 0< ¢ <P <2m

+v2Q(¢, ) =0 (19)

Applying the continuity theorem and symmetry
principle and considering the mathematical independence
of sine and cosine functions, all the coefficients are
obtained:

Qv(()b' ¢) | p=¢pt = Qv(¢: ¢) | ¢p=¢
_ {Av(qb’) =Cy(¢)
B,(¢) = Dy(¢)

A,(¢)sin(ve) + B,(¢) cos(ve)
= 4,(¢") sin(ve)
+ B,(¢") cos(ve)
{A,,(x) = sin(vx)
B, (x) = cos(vx)

(21)

(22)

Combining the results achieved in (21) and (22), we
can write Q,, (¢, ¢") in closed form:

Q. 0) , ,
_ | sin(vg) sin(vg) + cos(vg ) cos(vPp) 0 < p < p <21
h {sin(vq,’)) sin(vg) + cos(vg) cos(vp) 0 < ¢’ < ¢ < 2m

= Q,(¢,¢) =cosv(p— ) (23)
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Regarding the fact that the cylinder is complete and
values for Q,(¢, ") must be periodic with period 21, we
can write:

Q.(¢,9) = Qu(¢ +2m,¢")

= cosv(p — @)
= cos(v(¢p — ¢") + 2mv)
=v=m (m€eZ (24)

The last stage of solving ODEs is to obtain the
solution for the following ODE:

,R(p.p) | dR(p,p)
dp? p dp (25)
+ (k2p? —v)R(p,p) =0

This is the Bessel equation whose corresponding
solution is in the form of:

Rui(p,p) , ,
_ {Av,k(p Vo (kp) + B, (p)Y,(kp) 0<p<p <a (26)
Co ()], (kp) + Dy ()Y, (kp) 0<p <p<a

Where J,(kp) and Y,(kp) correspond to the Bessel
functions of first and second kind respectively.

The Bessel function of the second kind has a
singularity at the origin which is included in the domain
of our problem [11]; hence, its corresponding coefficient
B, (p") must be zero. Enforcing the continuity theorem
to the solutions of system of (26) requires that the
coefficient D, ,(p") is also to be zero due to the linear
independence of Bessel functions of the first and second
kind.

The function R, (p, p") is in the following form:

o (A (P )mkp) 0<p<p <a
R , = T , 27
me(P:p) {Cm,k(p Vmkp) 0<p <p<a @
Enforcing the continuity theorem, we arrive at:
Rm,k(p' p() |p=p,+ = Rm,k(pl P/) | p=pl_
= Am,k(p’) = m,k(p,) (28)

Finally, by employing the symmetry principle we can
determine the coefficients A, (p)and Cpi(p) as
follows:

Am,k(p,) = Cm,k(p,) =]m(kp') (29)
Enforcing our last boundary condition leads to:

Rm,k(p' p,) |p=a =]m(kp,)]m(ka) =0
= Jnka) =0= ka = xp,

:k=%(neN) (30)

26

in which x,,, denotes the n root of the Bessel function
of the first kind and m™ order. This particular value of k
must be replaced in all the previous equations.

Eventually, we can claim that the Green function we
are seeking can be written as the linear combinations of
all separate functions previously found in the form:

G (2.%)
= Z Z AmnRinn(p, ) Zimn(2,2") cos (m(¢)

m=—ocon=1 (31)

-¢))
with coefficients 4,,,,, to be determined.

Returning our attention back to equation (2), the Dirac
delta function in the right-hand- side of the equation can
be separated in cylindrical coordinate system as follows:

5(7-7) - 6(p—p>6(¢p—¢)6(z—z> @)

Replacing (32) in (2) and integrating both sides over
the infinitesimal interval of (z~, z*), we can write:

f _=2_+ V26 (%,x ) dz
:_Z f 8(p—p)o(¢—0)o(z-7)

p
:f 10 ac)+1aza+azc 4
2= pap p?ag? " 872"

fz=z <1 9 ac)+ 1 azc;)d
——|dz
2=7— \POp p? o2 (33)
zero
+J aG =28 L%
ey 9z '7=z" " 9z '7z=7"
_ 8- p)5(¢ ¢)

p

Here we investigate further to determine the value of
the left-hand-side of the equation (33). Taking the
derivative of the Green function of (31) we have:

+00 400

a_z az[ Z ZAmann(p P)Zmn(2,2) cos (m(¢

o —¢))]

+00 400

= 3 o) cos (g — ) 2mslEED (g

m=—con=1

Hence:
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a(Zmn(Z Z)) | a(Zmn(z Z)) |
0z 0z
X cosh( ’""(l—z))smh( Z)

T a sinh (% l)
X cosh (( Zm)z ) smh( mn (] — z ))

a sinh( Z’" )
= _Jmn ;Z’"l) [Sinh (xaﬂzl) cosh (% - Zl))

@ sinh

+ cosh <( Zm) z/> sinh (xaﬂ - Z,)>]

xm" 1 xmn 4 xmn .
()
a smh( . l) a a

Xmn . Xmn Xmn
T a sinh(%l)smh( a ): a
=
g_i | z=z+ ZmnzlAmann(p ) P )COS (m(¢ (35)
-) (- )
Accordingly, we can write:
+00 400 .
DD AR (p.0") cos (m(d - ) (F22)
m=-ocon=1 (36)

_8(p=p)5(¢-9)
p

Next, we multiply both sides of (36) by the term
cos (p((l)—(p')) and integrate both sides over the
interval (0, 2m):

$=21 4o
f Z Aman,n (,0, p’)COS (p(d)
$=0 n=1
) )) cos (m(q.’) ¢ )) ( mn) de
¢=2m
:Jo 6(p—p)j(¢—¢) cos(p(¢—¢'))d¢
_8(p—p)
== (37)
Leading to:
Z Al (x%"p) I, ()%p') (1) (%)
=1 , (38)
_3e-r)
7

And finally we multiply both sides of (38) by
*pq
pfp( L P

) and integrate over the interval of (0, a):
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> s (20) 1 (20 ) (20) 0 (2)
n=1

)
— (p P)p]p( pq

a p)dp

p=a

» xﬂp')(n)(%) f p],,(

n=1 p=0

o) (2

P)ao

= Ay (220 () (@)%2 Ui Geond] 810
= Apqlp ( ) () ( ) i []pﬂ(qu)]z
_ma
=7 ququ]p( )[]p+1(qu)]
p=a
= f 8(p—p)Jp (—p)dp lp( ) (39)
p=0

In deriving the previous equation, we have employed
the identity [11]:

p=1
fp]p(xpnp)]p(qup)dp
p=0
1 2
= E[]p+1(xpn)] 6n,q (40)
with  &8,, being the Kronecker delta function.

Accordingly, the coefficient A,, is determined as
follows:

2

p#+0

A = TaXpq []p+1(qu)]2

- ) (41)

TaXpq []p+1(qu)]2

Combining all these results, we can write the Green
function:

Gp (%,x)

+oo

1 Xon N xen
:me( P )l (%22p)

smh( mz) smh( (] —z.))

smh(% l)

(42)

+00  +o0

2 Xmn - Xmn
' me ; T 1 Gorn ) 2™ (Tp )]m (TP)
m#0

z.) smh(

smh(% )

smh(

“U-=) cos (m (d) - d)))
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3- CONSTRUCTING THE GREEN FUNCTION,
SECOND APPROACH

In this section, we use a similar approach as was
employed in the previous section, with the exception of
using —k? instead of k? as our separation constant.

Returning to the equation (5), we assigned +k? to the

term 2— while it was also possible to assign —k? to it. In

this section, we want to demonstrate how the appearance
of the Green function changes as a result of using this
alternative approach. The two new equations resulting
from this approach are:

Z"+k*Z=0 (43)
K R 1¢° 2

s = 44
pR+R +pZQ +k (44)

with k being an arbitrary number. Again after a suitable
rearrangement and assigning an arbitrary number like

—v? to the term % the other two ODEs are:

er + UZQ =0 (45)
p*R” + pR (p) — (k?p? +v?>)R =0 (46)
Equation (43) has a general solution of the form:

Zk(z,z')
A(z)sin(kz) + B(z) cos(kz) 0<z<z <l (47)

- {C(z') sin(kz) + D(z') cos(kz) 0<z <z <1

with four unknown coefficients to be determined.

The coefficient By (z") will be eliminated applying the

boundary condition Z(z,2') | ,-o = 0. Applying the
continuity theorem we can write:

Zk(Z' Z/) | z=z+ = Zk(z' Z) | 7=z~
= A(z ) sin(kz')
=C(z")sin(kz) (48)
+D(z) cos(kz)

Due to the linear independence of functions sin(kz")
and cos(kz") we conclude that:

D(z)=0 (49)

And enforcing the symmetry principle, we can easily
reason that:

A (2) = € (2) = sin(kz) (50)
Thus:

28

Zk(z,z')
B {sin(kzl) sin(kz) 0<z<z <l (51)
B sin(kz)sin(kz) 0<z <z<l

The function Q(¢,¢’') is determined in the same
manner as the first approach:

Qu(¢,9") = cosv(® — ¢) = Qu(¢,9)
= Qu(¢ +2m,¢)

= cosv(p—¢') =cos(v(¢p —¢") +2mv) (52
v=m (m€eZ)

Finally we are to find the proper solutions of the
following ODE:

p*R” + pR (p) — (k?p? +v*)R =0 (46)

This is the Modified Bessel equation. The general
solution to this equation is in the form of:

Rv,k(p' P) i ;
_ {Av,k(p My(kp) + By (p )Ky(kp) 0<p<p <a (53)
Coxe(p )y (kp) + Dyye(p)Ky(kp) 0<p <p<a

Enforcing the boundary condition Ry, (p,p) | p=o =
0, and considering the finiteness of Green function inside
the cylinder [11], we can conclude that B,,(p) =0 .
Enforcing leads to:

L,(ka)
K, (ka)

Dyi(p) = — Cor(p) (54)

Writing the continuity theorem we have:

= Rk (p.p) | =
= Avi(p )1, (kp)
= Cou(p )y (kp") o
+ Dv,k (p,)Kv(kp,)

And the symmetry principle dictates:

Av,k(p)lv(kp,) = Cv,k(pl){v(kp) )
+ Dy i(p)K, (k')

Solving equations (54) to (56) simultaneously we will
obtain all the coefficients:

Rm,k(p: p,) | p:p’+

(56)

Cv,k(p’) = Iv(kp') (57)
, I, (k ,
Duslp) = ~ e (ko) ()

Iv(kp)Kv(ka) - Kv(kp)lv(ka)

K, (ka) 59

Av,k (P) =

Inserting (57) to (59) into (53) we will have:
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Ryi(p.p’) f 10 ac> .
——(p==)dp
; . ap
1,(kp K, (ka) — K, (kp )1, (ka) , - P 9p

_ I K, (ka) Lkp) 0<p<p <a (60) f (

| . v( )

tlv(kp M, (kp) — —(ka )1 L (kp)K,(kp) 0<p <p<a p=p

Here we aim to prove that k is equal to an integer
times a constant. In the function Z,(z,z) found
previously in (51), one boundary condition was left out

and that was Z,(z,z") | ,—, = 0. Enforcing this boundary
condition we will have:

Zi(2,2)] ;21 =0 = sin(kl) = 0

nm
=kl=nr (n€Z)= sz (61)

Non-positive values of n can be ignored since they
correspond to non-defined arguments for the modified
Bessel functions.

Accordingly, the Green function can be written as
follows:

o),
Z Z Amann(p p )Zm(z z ) cos (m(d)

m=—ocon=1

-9))

with R, (p,p") and Z,,(z,2") defined in (60) and (51)
respectively, and the coefficients 4,,, to be determined.
We follow a similar procedure as was done in the
previous section by inserting the separable form of the
Dirac delta function in the cylindrical system in equation

().

Next, we apply the Laplacian operator to the Green
function of (62). Integrating both sides over the
infinitesimal interval of (o, p"*) leads to:

fﬁ=9'+ (aza L1 626>d
Nzt
ey~ \022 ' p? g2

zero

+IP=P’+1 6( 6G)d
o= pap ap) ¥

p
p

(62)

(63)

¥ o= Y506 - )5 =) ]
_ p P

b\

p=

The non-zero integral in the left-hand-side of (63) can
be further simplified to:
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62
+p=— 302 dp
[ G6)
p=p” \P\0P

zero

p=p* 526
+ f ——dp
p

=~ 0p
- % p=p* ~ % p=p_
_ _4n5(z —z )§(¢ —9) (64
p

Replacing the Green function of (62) in left-hand side
of (64) and after some manipulating, we arrive at:

G
ap | p=p

+00  +oo

= Z Z AmnZmn (z, z') cos (m(d)

A (65)
_ q,'))) IV(kP )Kv(k;l() (kcll() L )I (ka)i L,(kp) |p 0
2%
ap o 4o
= 2 D Al (27 ) cos (m(y
e (66)

=) 0) (35 109 s

I,(ka) . |
<1< (ka))f)p Ky (kp) | - ,,)

Substituting the derived values of (65) and (66) in the
left-hand-side of (64) it can be shown that:

aG | aG |
ap ' P=P" " 9p 'p=p

+00  +oo

= Z Z AmnZmn(2,2") cos (m(¢

m=—oon=1

3 ¢)) <_i I,,(ka))

p K, (ka)

In deriving (67), we have employed the following
identity between modified Bessel functions [11]:

(67)

(68)

9 0 1
L,(kp) Ep K,(kp) — K, (kp) P L,(kp) = — B

Inserting (67) in the left-hand- side of (64) and
multiplying both sides by the term:
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i E — (69) ‘ @ =V(p.9)
sm( ] Z) cos (p(d) o) ))
we then integrate both sides twice. Once over the interval ( b
of (0,a) with respect to variable p and once over the B |
interval of (0, 2m) with respect to variable ¢, arriving at:
I,(ka)\ = mm ~ /1 !
Apq (‘ K,,(ka)) sin (77 (E) @ .
.o, R
= —4 sin (TZ ) -
—»Y
8K,(ka) 5
= Ay = (70) —\—
a1 1,(ka) —0=0

Finally the sought-after Green function can be written
in its second closed-form as:

6 (37)

= Z - (nn ) Runn(p,p) sin (nl_nz) sin (nl_nz) cos (m(qS

=0 (f,x')
+00 +00

-3 S s(os

N o o mm oy Im (nl_np>) ni nr
-¢ )) sin (TZ ) sin (Tz) — <Im (TP<) K (T a)

Im (g a) (71)
ko (Fo) ()

4- ANALYTICAL VERIFICATION

A famous problem usually raised in textbooks [1]
when discussing boundary-value problems in cylindrical
coordinates is shown in Fig .2.

The cylinder has a radius a and height [, with the top
and bottom of the cylinder being at z=0 and =1,
respectively. The potential on the side and the bottom of
the cylinder is zero, while the top has a
potential V(p, ¢).

Here we demonstrate the validity of our approach by
evaluating the potential at any point inside the cylinder
using our Green function and show that they are in
complete agreement with the previously published
results.

As previously mentioned, for such DBC problems,
once the Green function is obtained, solution is no more
than calculating the integrals below regarding the
boundary conditions specified:

30

Fig. 2. Geometry of a Laplace problem for the interior
region of a cylinder.

() = i [ p(7) 6 (27) %
1 L 0P X
+Eﬁ[6(x,x) 67(1’) 1)
N
o)

Before we substitute the Green function of (71) in this
equation, we make a few notes that will significantly
reduce the amount of calculations.

1. There is no charge density in the problem.
Therefore the first integral in (1) is eliminated.

2. In the second integral, which must be taken over the
entire surface of the cylinder, because of the fact that the
potential is zero everywhere on the surface except the top
side, the second integral reduces to be taken only on the
top face.

3. On the top side, the unit normal vector is:

n=3z (72)
Since the potential on the top side is not dependent on

z', the term —),( is eliminated.

0¢>(ﬂ)
on
As a result, the whole right-hand-side of (1) reduces to
evaluating the following integral:

R 1 — G (J?, X,) , 73

dh(x):—E#CD(x)Tda ( )
N

taken solely on the top side.

The important point here is that since the source point
in this situation is the top side and all observation points
are below that, they will all have a height smaller than the
source points. Consequently:

Z. =1z (74)
Zs = 7' (75)
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leading to:
D (%) (76)
p =a qb =27 on
1 Xon Xon sinh (—Z<) sinh ( (- z>))
pJ.o ¢J-0 Yo )62 anaxO"[ll(xO”)] o ( )]0( ) smh( e l)
+00  +00
2 Xum X sinh (— Z<) sinh < MR (1 — z>)) ’ o
* mZoo =1 TA%mn []m+1(xmn)]2]m (TP )]m (T'D . sinh (XM l) cos (m(¢ -9 )) | Z=1P dp d¢
m#0 a
= d(X) (77)
p'=a ¢'=2m X,
von . ron S (<) (342) cosh (%42t - )
pfo ¢f0 V9) ”ax0nU1(X0n)]2]0( 0 )]O( : ) sinh (%l)
< o 2 o sinh (xm" ) (xm") cosh (=22 (I — z,) ’ S
Lo e (o () ——— e z)( S

Now if we define three new parameters as follows:

p=a ¢=2m
1 1 P Xon -\ -, - ,
Agp = —— f f Vip,d )Jo\—p )pdpdd (78)
o AT 1ax0, 1 (Xon)]? sinh (%l) J20 ¢'0 ( Vo ( a )
_ 1 2 ¢ =27 xmn . ’ ’ s ’
A = e s G sinh(x"‘Tnl) =0 Jy=0 V(P'9)m ( )Sm(m(p )pdpd¢ (79)
Byn = — = = _ ¢ V() Jm (22 p7) cos(me) p'dp’d’ (80)

AT taxmn [Jm+1(Xmn)]? Slnh(menl) -

then the potential of (73) can be written in a more compact form as follows:

+00  +00

o) = ZAMJO (Z2p)sinh (220) + me (Z22p) sinh (Z221) (Apnn 5in8) + By cos(me) (81)

m=—oo n=
m#0

which is in complete accordance with what is already derived in the literature [1].
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5- NUMERICAL VERIFICATIONS

To further verify the validity of the Green function
obtained in this paper we have simulated two separate
problems in commercially available numerical software
Computer Simulation Technology (CST EM STUDIO
2015) and compared the results with what we achieved
through the use of the Green function constructed in this

paper.

The first problem is the problem we employed in the
analytical verification. Here we consider the geometry
shown in Fig. 2 with a =3 cmand! =10 cm .In this
simulation we have assumed that the potential V(p, ¢ ) of
the top side is 10V. Figures 3(a) to 3(c) show the
electrostatic potential inside the cylinder in different
distances from the z-axis, namely p=0,p=
1.5 cm and p = 2.5 cm, using three different approaches.
The results demonstrate an excellent agreement between
the different approaches.

All problems considered thus far have been Laplace
problems where there has been no charge density in the
problem. The significance of deriving Green’s functions
is to tackle Poisson problems, in which the problem
includes a charge density since in general Poisson
problems are much harder to solve. To truly show the
validity of our Green function we consider a Poisson
problem. The geometry of this problem is illustrated in
Fig. 4 with a =3 cm and [ = 10 cm. As shown in the
figure, the top and bottom of the cylinder are grounded
and the side of the cylinder is kept at 10 V. Additionally,
we have included a total charge of ¢ = 2nrA in the form
of a ring of radius r = 2 cm and linear charge density

2=796x 10" C/ placed at height h = 5 cm with
azimuthal symmetry.

This Work
sl Ref [1]
+Using CST

Eotential (V)

-
S

0 1 2 3 4 5 6 7 8 9 10

Y. S ki B e i i i i

Fig. 3(a) Electrostatic potential inside the cylinder at p = 0
due to boundary conditions of Fig. 2.

32

10 T

This Work
9 -+ Ref. [1]
+Using CST

Fotential (V)

e all
2 3 4 5 B 7 g 9 10
z (cm)
Fig. 3(b) Electrostatic potential inside the cylinder at
p = 1.5 cm due to boundary conditions of Fig. 2.

This Wark
v Ref [1]
10+ +Using CST

Fotential (V)

B A A A B A

z {cm)
Fig. 3(c) Electrostatic potential inside the cylinder at
p = 2.5 cm due to boundary conditions of Fig. 2.

Z
A

T Y

®=10V—0_ |

A4

Fig. 4. Conducting cylinder of radius a and height I. There is
a ring of radius r and linear charge density 4 located at
height h inside the cylinder.
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Fig. 5(a) shows the numerical and the analytical
values of the electrostatic potential along the axis of the
cylinder. As it can be seen there is great agreement
between the numerical and analytical results.

This Work o o
Using CST -

Fotential (V)

z {cm)

Fig. 5(a) Electrostatic potential inside the cylinder on the z
axis due to the Poisson problem of Fig. 4.

This Work
Using CST

Fotential (V)

Fig. 5(b) Electrostatic potential inside the cylinder on
p = 1.5 cm due to the Poisson problem of Fig. 4.

Fig. 5(b) shows the numerical and the analytical
values of the electrostatic potential at p = 1.5 cm
for0<z<I. As it can be seen, there is a small
discrepancy between the numerical and the analytical
results atz:é. Considering the geometry of the
problem, one would expect the maximum potential at
z= é as shown by the analytical results. The inaccuracy
of the numerical results can be attributed to the
coarseness of volumetric meshing that was used due to
computational limitations. More accurate numerical
results can be obtained using a finer mesh.
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