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ABSTRACT:  This paper develops an improved robust multi-surface sliding mode controller for a 
complicated five degrees of freedom Underwater Vehicle-Manipulator System with floating base. The 
proposed method combines the robust controller with some corrective terms to decrease the tracking 
error in transient and steady state. This approach improves the performance of the nonlinear dynamic 
control scheme and makes the states stable even in presence of unknown effects of hydrodynamic 
disturbances and unmodelled dynamics. In this regard, the dynamic model of an UVMS is extracted 
using the Newton–Euler formulation which has been validated by using an ADAMS 3-D model. The 
control algorithm is based on Lyapunov technique and is able to provide the stability of the whole system 
during tracking of the desired trajectory with an acceptable precision. The controller parameters are also 
optimized utilizing the concept of Genetic Algorithm with the aim of increasing the speed of system 
while decreasing the tracking error which leads to bounded control inputs. Finally, the efficacy of the 
control scheme, is compared with other conventional methods and the simulation results show the short 
settling time, low and smooth control effort and asymptotic stability of the states as well as the sliding 
surfaces of the proposed controller.
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1.INTRODUCTION
In recent few decades, the underwater vehicle manipulator 

systems (UVMS) have attracted various scientific research and 
industrial exploitation in the field of welding, nondestructive 
test of marine structures or underwater oil and gas pipelines 
for closing and opening of valves, drilling, cutting, sampling, 
and installing ocean sampling devices and discovery [1,2].  

In such applications, changes in velocity and position 
of the UVMS system over time are highly affected by its 
dynamical structure. In this regard, two different approaches 
can be seen in the literature to analyze the configuration of 
the system. The first method is described in [3] which authors 
considered the UVMS as two independent subsystems: 
manipulator and vehicle. The equations of motion for each 
subsystem is expanded and the interaction forces between 
subsystems are added to these equations. The second method 
is to consider the UVMS as a single body [4]. In other hand, 
modeling a proper control method for stabilization of UVMS 
is a very challenging issue because of the existence of highly 
nonlinear couplings and unknown external time-varying 
disturbances and complexity of parametric uncertainties. To 
overcome these challenges, several control methods have been 
investigated and proposed so far. For instance, the authors 
in [5-7] described complexity of underwater manipulators 
dynamic in presence of hydrodynamic disturbances and 

presented an indirect adaptive control method for a model of 
UVMS. Also, researchers in [8] proposed a control strategy 
to consider the effect of drag forces on the whole underwater 
system and in [9] an adaptive tracking controller based on the 
virtual decomposition has been presented.

On the other hand, some papers focus on hybrid 
controllers to generate acceptable performance of under 
water system. For example, authors in [10,11] designed a 
sliding mode controller (SMC) based on fuzzy method and in 
[12] a PID sliding surface is used to show better performance 
of UVMS in trajectory tracking. Also, in [13] the authors 
proposed a robust single-input fuzzy logic control method 
for the task space control problem of an UVMS against 
uncertain dynamics and disturbances. In another work [14], 
researchers proposed a feed forward controller along with a 
disturbance estimator based on PID-like fuzzy logic control 
law to develop the closed loop stability of the UVMS system. 
The other controller which has been implemented on the 
UVMS system is time delay estimation. The authors in [15,16] 
applied this method based on a nonlinear robust controller 
such as feedback linearization to solve the trajectory tracking 
control problem of underwater system.

This paper, presents an improved robust controller based 
on multi surfaces sliding mode method for a float-base 
UVMS with five degrees of freedom. The proposed method 
has several superiorities over other works, which can be taken 
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into account as follows:
a) In this paper, a multi-surface sliding mode controller 

will be improved by utilizing some PID correction terms in 
the sliding surfaces. Advantage of the presented multi surface 
integral sliding mode controller (MS-ISMC) is that it is 
insensitive to the modelling errors, parameter uncertainties 
and other disturbances, and it can improve the steady-state 
response of the system as well. Also, the chattering of the 
controller is reduced rather than conventional sliding mode 
controller. The simulation results show that the proposed 
controllers can achieve better robustness and tracking 
capability in comparison with the SMC controller. 

b) Despite the other pervious works, this paper 
considers full dynamic of an UVMS with floating base 
including drag and Buoyant forces, system uncertainties 
and external disturbances. The proposed controller, based 
on this model, is an effectual controller especially when the 
end-effector interacts with the environment in presence of 
hydrodynamic disturbances.

Also, this study optimizes the controller parameters 
utilizing the concept of Genetic Algorithm. The aim of the 
proposed method is to increase the speed of converging to 
the desired trajectory while decreasing the tracking error 
and to achieve a bounded control input in comparison with 
other conventional approaches. The obtained results show 
acceptable performance of the proposed control scheme.

This paper is organized as follows: In Section 2, the full 
dynamic of a floating base UVMS is extracted. The improved 
robust and accurate multi surfaces integral SMC is presented 
in Section 3. The results from numerical simulations are 
discussed in Section 4 and finally in Section 5 conclusions on 
the present paper are driven.

2.DYNAMIC MODEL OF THE UVMS
The UVMS in this study is a five-DOF floating base 

manipulator system as shown in Fig.1. The UVMS in this study is a five-DOF floating base manipulator system as shown in Fig.1. E (xu,yu) is the 

Earth-fixed (inertial) frame, B (x0,y0) is the base frame (moving), M1 (x1,y1) and M2 (x2,y2) are manipulator 

frame of Link1 and Link2.  
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Drag forces in our floating base UVMS consist of  three 
parts. The first part is a drag force deduced from the floating 
base in four directions. The second and third parts are 
drag forces exerted on link1 and link2 of the manipulator 
respectively [6,17]. The equations associated with these drag 
forces are extracted using Maple software as following:
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 (5) 

B=[𝐵𝐵0    𝐵𝐵1    𝐵𝐵2] (6) 

𝑢𝑢 = 𝑀𝑀(𝑞𝑞)�̈�𝑞 + 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐺𝐺(𝑞𝑞) + 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐵𝐵(𝑞𝑞) + 𝑑𝑑(𝑡𝑡) (7) 

 

𝑀𝑀(𝑞𝑞)

= (
−24 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

 
(8) 

𝑉𝑉( �̇�𝑞 . 𝑞𝑞) = [
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where where 𝐹𝐹𝐷𝐷0𝑟𝑟 (𝑟𝑟=1,2,3,4), 𝐹𝐹𝐷𝐷1𝚋𝚋 (𝚋𝚋=1,2) and 𝐹𝐹𝐷𝐷2𝐶𝐶  (c=1,2) are drag forces of base, Link1 and Link2 

respectively. 
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     (c=1,2) are 
drag forces of base, Link1 and Link2 respectively.

When an UVMS is partially or fully submerged in ocean, 
an upward force is exerted by the water on to it, called the 
buoyancy force. The acting buoyant force on the UVMS 
is equal to the mass of displaced water [6,18]. Direction of 
buoyant force is in opposite direction of gravitational force. 
Therefore, the buoyant forces acting on base (link0), link1 and 
link2 are directed up and equal to:
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𝐹𝐹𝐷𝐷12 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧1 ∙ ∫ (𝑉𝑉𝑝𝑝1[𝑥𝑥])2

𝐿𝐿1

0
 𝑑𝑑𝑥𝑥1

 (2) 

{ 
 
  𝐹𝐹𝐷𝐷21 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑦𝑦])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

𝐹𝐹𝐷𝐷22 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑥𝑥])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

 (3) 

 

D=[𝐹𝐹𝐷𝐷0𝑟𝑟   𝐹𝐹𝐷𝐷1𝚋𝚋   𝐹𝐹𝐷𝐷2𝐶𝐶 ] (4) 

 

{
𝐵𝐵0 = 𝐿𝐿𝑥𝑥0 ∙ 𝐿𝐿𝑧𝑧0 ∙ 𝐿𝐿𝑦𝑦0 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵1 = 𝐿𝐿𝑥𝑥1 ∙ 𝐿𝐿𝑧𝑧1 ∙ 𝐿𝐿𝑦𝑦1 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵2 = 𝐿𝐿𝑥𝑥2 ∙ 𝐿𝐿𝑧𝑧2 ∙ 𝐿𝐿𝑦𝑦2 ∙ 𝑔𝑔 ∙ 𝜌𝜌

 (5) 

B=[𝐵𝐵0    𝐵𝐵1    𝐵𝐵2] (6) 

𝑢𝑢 = 𝑀𝑀(𝑞𝑞)�̈�𝑞 + 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐺𝐺(𝑞𝑞) + 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐵𝐵(𝑞𝑞) + 𝑑𝑑(𝑡𝑡) (7) 

 

𝑀𝑀(𝑞𝑞)

= (
−24 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

 
(8) 

𝑉𝑉( �̇�𝑞 . 𝑞𝑞) = [
−6𝜃𝜃0̇(𝑡𝑡)2𝐿𝐿0 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡)) 𝑎𝑎1𝑚𝑚1 +⋯

⋮
−𝐿𝐿0𝜃𝜃0̇(𝑡𝑡)2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡) + 𝜃𝜃2(𝑡𝑡)) 𝑎𝑎2𝑚𝑚2 +⋯

]
5×1

 (9) 

         (5)

{
 
 
 
 

 
 
 
 𝐹𝐹𝐷𝐷01 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑥𝑥0[𝑥𝑥])

2
𝐿𝐿𝑦𝑦0

0
 𝑑𝑑𝑦𝑦0

𝐹𝐹𝐷𝐷02 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑥𝑥0[𝑦𝑦])

2
𝐿𝐿𝑦𝑦0

0
 𝑑𝑑𝑦𝑦0

𝐹𝐹𝐷𝐷03 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑦𝑦0[𝑥𝑥])

2
𝐿𝐿𝑥𝑥0

0
 𝑑𝑑𝑥𝑥0

𝐹𝐹𝐷𝐷04 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑦𝑦0[𝑦𝑦])

2
𝐿𝐿𝑥𝑥0

0
 𝑑𝑑𝑥𝑥0

 (1) 

{ 
 
  𝐹𝐹𝐷𝐷11 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧1 ∙ ∫ (𝑉𝑉𝑝𝑝1[𝑦𝑦])2

𝐿𝐿1

0
 𝑑𝑑𝑥𝑥1

𝐹𝐹𝐷𝐷12 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧1 ∙ ∫ (𝑉𝑉𝑝𝑝1[𝑥𝑥])2

𝐿𝐿1

0
 𝑑𝑑𝑥𝑥1

 (2) 

{ 
 
  𝐹𝐹𝐷𝐷21 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑦𝑦])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

𝐹𝐹𝐷𝐷22 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑥𝑥])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

 (3) 

 

D=[𝐹𝐹𝐷𝐷0𝑟𝑟   𝐹𝐹𝐷𝐷1𝚋𝚋   𝐹𝐹𝐷𝐷2𝐶𝐶 ] (4) 

 

{
𝐵𝐵0 = 𝐿𝐿𝑥𝑥0 ∙ 𝐿𝐿𝑧𝑧0 ∙ 𝐿𝐿𝑦𝑦0 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵1 = 𝐿𝐿𝑥𝑥1 ∙ 𝐿𝐿𝑧𝑧1 ∙ 𝐿𝐿𝑦𝑦1 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵2 = 𝐿𝐿𝑥𝑥2 ∙ 𝐿𝐿𝑧𝑧2 ∙ 𝐿𝐿𝑦𝑦2 ∙ 𝑔𝑔 ∙ 𝜌𝜌

 (5) 

B=[𝐵𝐵0    𝐵𝐵1    𝐵𝐵2] (6) 

𝑢𝑢 = 𝑀𝑀(𝑞𝑞)�̈�𝑞 + 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐺𝐺(𝑞𝑞) + 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐵𝐵(𝑞𝑞) + 𝑑𝑑(𝑡𝑡) (7) 

 

𝑀𝑀(𝑞𝑞)

= (
−24 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

 
(8) 

𝑉𝑉( �̇�𝑞 . 𝑞𝑞) = [
−6𝜃𝜃0̇(𝑡𝑡)2𝐿𝐿0 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡)) 𝑎𝑎1𝑚𝑚1 +⋯

⋮
−𝐿𝐿0𝜃𝜃0̇(𝑡𝑡)2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡) + 𝜃𝜃2(𝑡𝑡)) 𝑎𝑎2𝑚𝑚2 +⋯

]
5×1

 (9) 

   (6)
where  is the gravitational acceleration vector, where 𝑔𝑔 is the gravitational acceleration vector, Lxi is  width of Linki and 𝐿𝐿𝑦𝑦𝑦𝑦 is length of the link in y 

direction.  

Now, by using Eqs. (1)-(6), the final form of dynamic equations of the UVMS can be derived as [19]: 

  

 
width of where 𝑔𝑔 is the gravitational acceleration vector, Lxi is  width of Linki and 𝐿𝐿𝑦𝑦𝑦𝑦 is length of the link in y 

direction.  

Now, by using Eqs. (1)-(6), the final form of dynamic equations of the UVMS can be derived as [19]: 

  

 and where 𝑔𝑔 is the gravitational acceleration vector, Lxi is  width of Linki and 𝐿𝐿𝑦𝑦𝑦𝑦 is length of the link in y 

direction.  

Now, by using Eqs. (1)-(6), the final form of dynamic equations of the UVMS can be derived as [19]: 

  

 is length of the link in y direction. 
Now, by using Eqs. (1)-(6), the final form of dynamic 

equations of the UVMS can be derived as [19]:

{
 
 
 
 

 
 
 
 𝐹𝐹𝐷𝐷01 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑥𝑥0[𝑥𝑥])

2
𝐿𝐿𝑦𝑦0

0
 𝑑𝑑𝑦𝑦0

𝐹𝐹𝐷𝐷02 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑥𝑥0[𝑦𝑦])

2
𝐿𝐿𝑦𝑦0

0
 𝑑𝑑𝑦𝑦0

𝐹𝐹𝐷𝐷03 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑦𝑦0[𝑥𝑥])

2
𝐿𝐿𝑥𝑥0

0
 𝑑𝑑𝑥𝑥0

𝐹𝐹𝐷𝐷04 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑦𝑦0[𝑦𝑦])

2
𝐿𝐿𝑥𝑥0

0
 𝑑𝑑𝑥𝑥0

 (1) 

{ 
 
  𝐹𝐹𝐷𝐷11 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧1 ∙ ∫ (𝑉𝑉𝑝𝑝1[𝑦𝑦])2

𝐿𝐿1

0
 𝑑𝑑𝑥𝑥1

𝐹𝐹𝐷𝐷12 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧1 ∙ ∫ (𝑉𝑉𝑝𝑝1[𝑥𝑥])2

𝐿𝐿1

0
 𝑑𝑑𝑥𝑥1

 (2) 

{ 
 
  𝐹𝐹𝐷𝐷21 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑦𝑦])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

𝐹𝐹𝐷𝐷22 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑥𝑥])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

 (3) 

 

D=[𝐹𝐹𝐷𝐷0𝑟𝑟   𝐹𝐹𝐷𝐷1𝚋𝚋   𝐹𝐹𝐷𝐷2𝐶𝐶 ] (4) 

 

{
𝐵𝐵0 = 𝐿𝐿𝑥𝑥0 ∙ 𝐿𝐿𝑧𝑧0 ∙ 𝐿𝐿𝑦𝑦0 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵1 = 𝐿𝐿𝑥𝑥1 ∙ 𝐿𝐿𝑧𝑧1 ∙ 𝐿𝐿𝑦𝑦1 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵2 = 𝐿𝐿𝑥𝑥2 ∙ 𝐿𝐿𝑧𝑧2 ∙ 𝐿𝐿𝑦𝑦2 ∙ 𝑔𝑔 ∙ 𝜌𝜌

 (5) 

B=[𝐵𝐵0    𝐵𝐵1    𝐵𝐵2] (6) 

𝑢𝑢 = 𝑀𝑀(𝑞𝑞)�̈�𝑞 + 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐺𝐺(𝑞𝑞) + 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐵𝐵(𝑞𝑞) + 𝑑𝑑(𝑡𝑡) (7) 

 

𝑀𝑀(𝑞𝑞)

= (
−24 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

 
(8) 

𝑉𝑉( �̇�𝑞 . 𝑞𝑞) = [
−6𝜃𝜃0̇(𝑡𝑡)2𝐿𝐿0 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡)) 𝑎𝑎1𝑚𝑚1 +⋯

⋮
−𝐿𝐿0𝜃𝜃0̇(𝑡𝑡)2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡) + 𝜃𝜃2(𝑡𝑡)) 𝑎𝑎2𝑚𝑚2 +⋯

]
5×1

 (9) 

  
(7)

where where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

is the vector of joint variables and 
where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

 is the vector of torques acting at the joints. where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

 is the symmetric positive definite inertia matrix 
which is bounded for any , 

where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

 represents the 
centrifugal and Coriolis torques, 

where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

 is the vector 
of gravitational torques, 

where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

 is the vector of 
damping (hydrodynamic) effects of manipulator, 

where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 
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is the buoyancy force 

where 𝑞𝑞 ∈  𝑹𝑹𝒏𝒏 is the vector of joint variables and 𝑢𝑢 ∈  𝑹𝑹𝒏𝒏 is the vector of torques acting at the joints. 𝑀𝑀(𝑞𝑞) ∈

𝑹𝑹𝒏𝒏×𝒏𝒏 is the symmetric positive definite inertia matrix which is bounded for any 𝑞𝑞, 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)𝑞𝑞 ∈ 𝑹𝑹𝒏𝒏 represents 

the centrifugal and Coriolis torques, 𝐺𝐺(𝑞𝑞)  ∈  𝑹𝑹𝒏𝒏 is the vector of gravitational torques, 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 ∈  𝑹𝑹𝒏𝒏 is the 

vector of damping (hydrodynamic) effects of manipulator, 𝐵𝐵(𝑞𝑞) ∈ 𝑹𝑹𝒏𝒏 is the buoyancy force, 𝑑𝑑(𝑡𝑡) is the vector 

of unknown disturbances which includes both system uncertainties and external disturbances. The first three 

terms of (7) are in the form: 

  

 is the vector of unknown 
disturbances which includes both system uncertainties and 
external disturbances. The first three terms of (7) are in the 
form:

 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

                  8 

 

 

    
 

(8)

{
 
 
 
 

 
 
 
 𝐹𝐹𝐷𝐷01 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑥𝑥0[𝑥𝑥])

2
𝐿𝐿𝑦𝑦0

0
 𝑑𝑑𝑦𝑦0

𝐹𝐹𝐷𝐷02 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑥𝑥0[𝑦𝑦])

2
𝐿𝐿𝑦𝑦0

0
 𝑑𝑑𝑦𝑦0

𝐹𝐹𝐷𝐷03 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑦𝑦0[𝑥𝑥])

2
𝐿𝐿𝑥𝑥0

0
 𝑑𝑑𝑥𝑥0

𝐹𝐹𝐷𝐷04 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧0 ∫ (𝑉𝑉𝑃𝑃𝑦𝑦0[𝑦𝑦])

2
𝐿𝐿𝑥𝑥0

0
 𝑑𝑑𝑥𝑥0

 (1) 

{ 
 
  𝐹𝐹𝐷𝐷11 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧1 ∙ ∫ (𝑉𝑉𝑝𝑝1[𝑦𝑦])2

𝐿𝐿1

0
 𝑑𝑑𝑥𝑥1

𝐹𝐹𝐷𝐷12 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧1 ∙ ∫ (𝑉𝑉𝑝𝑝1[𝑥𝑥])2

𝐿𝐿1

0
 𝑑𝑑𝑥𝑥1

 (2) 

{ 
 
  𝐹𝐹𝐷𝐷21 =

1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑦𝑦])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

𝐹𝐹𝐷𝐷22 =
1
2  𝜌𝜌 𝐶𝐶𝑑𝑑𝐿𝐿𝑧𝑧2 ∙ ∫ (𝑉𝑉𝑝𝑝2[𝑥𝑥])2

𝐿𝐿2

0
 𝑑𝑑𝑥𝑥2

 (3) 

 

D=[𝐹𝐹𝐷𝐷0𝑟𝑟   𝐹𝐹𝐷𝐷1𝚋𝚋   𝐹𝐹𝐷𝐷2𝐶𝐶 ] (4) 

 

{
𝐵𝐵0 = 𝐿𝐿𝑥𝑥0 ∙ 𝐿𝐿𝑧𝑧0 ∙ 𝐿𝐿𝑦𝑦0 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵1 = 𝐿𝐿𝑥𝑥1 ∙ 𝐿𝐿𝑧𝑧1 ∙ 𝐿𝐿𝑦𝑦1 ∙ 𝑔𝑔 ∙ 𝜌𝜌
𝐵𝐵2 = 𝐿𝐿𝑥𝑥2 ∙ 𝐿𝐿𝑧𝑧2 ∙ 𝐿𝐿𝑦𝑦2 ∙ 𝑔𝑔 ∙ 𝜌𝜌

 (5) 

B=[𝐵𝐵0    𝐵𝐵1    𝐵𝐵2] (6) 

𝑢𝑢 = 𝑀𝑀(𝑞𝑞)�̈�𝑞 + 𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐺𝐺(𝑞𝑞) + 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞 + 𝐵𝐵(𝑞𝑞) + 𝑑𝑑(𝑡𝑡) (7) 

 

𝑀𝑀(𝑞𝑞)

= (
−24 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

 
(8) 

𝑉𝑉( �̇�𝑞 . 𝑞𝑞) = [
−6𝜃𝜃0̇(𝑡𝑡)2𝐿𝐿0 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡)) 𝑎𝑎1𝑚𝑚1 +⋯

⋮
−𝐿𝐿0𝜃𝜃0̇(𝑡𝑡)2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃1(𝑡𝑡) + 𝜃𝜃2(𝑡𝑡)) 𝑎𝑎2𝑚𝑚2 +⋯

]
5×1

 (9) 

      
(9)

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

  

(10)

in which in which 𝑚𝑚𝑖𝑖   is the mass of linki (𝑚𝑚0 is the mass of base), also, 𝜃𝜃𝑖𝑖  is relative joint angle (𝜃𝜃0 is angle of base), 𝐿𝐿𝑖𝑖 

is length of linki (𝐿𝐿0 is distance between the center of base and link1), 𝑎𝑎𝑖𝑖 is position vector from joint i to the 

center of gravity, 𝑅𝑅 is length from origin of x0, y0 to thruster and 𝐹𝐹𝑗𝑗 is thruster force (𝑗𝑗 =  1, 2, 3).  

Now, by using the rigid-body dynamic model in (7) one can write:  

  

 is the mass of linki ( is the mass of base), 
also,is in which 𝑚𝑚𝑖𝑖   is the mass of linki (𝑚𝑚0 is the mass of base), also, 𝜃𝜃𝑖𝑖  is relative joint angle (𝜃𝜃0 is angle of base), 𝐿𝐿𝑖𝑖 

is length of linki (𝐿𝐿0 is distance between the center of base and link1), 𝑎𝑎𝑖𝑖 is position vector from joint i to the 

center of gravity, 𝑅𝑅 is length from origin of x0, y0 to thruster and 𝐹𝐹𝑗𝑗 is thruster force (𝑗𝑗 =  1, 2, 3).  

Now, by using the rigid-body dynamic model in (7) one can write:  

  

 relative joint angle (in which 𝑚𝑚𝑖𝑖   is the mass of linki (𝑚𝑚0 is the mass of base), also, 𝜃𝜃𝑖𝑖  is relative joint angle (𝜃𝜃0 is angle of base), 𝐿𝐿𝑖𝑖 

is length of linki (𝐿𝐿0 is distance between the center of base and link1), 𝑎𝑎𝑖𝑖 is position vector from joint i to the 

center of gravity, 𝑅𝑅 is length from origin of x0, y0 to thruster and 𝐹𝐹𝑗𝑗 is thruster force (𝑗𝑗 =  1, 2, 3).  

Now, by using the rigid-body dynamic model in (7) one can write:  

  

 is angle of base),  is length 
of linki (  is distance between the center of base and link1),

is position vector from joint i to the center of gravity,  is 

length from origin of 

in which 𝑚𝑚𝑖𝑖   is the mass of linki (𝑚𝑚0 is the mass of base), also, 𝜃𝜃𝑖𝑖  is relative joint angle (𝜃𝜃0 is angle of base), 𝐿𝐿𝑖𝑖 

is length of linki (𝐿𝐿0 is distance between the center of base and link1), 𝑎𝑎𝑖𝑖 is position vector from joint i to the 

center of gravity, 𝑅𝑅 is length from origin of x0, y0 to thruster and 𝐹𝐹𝑗𝑗 is thruster force (𝑗𝑗 =  1, 2, 3).  

Now, by using the rigid-body dynamic model in (7) one can write:  

  

 to thruster and 

in which 𝑚𝑚𝑖𝑖   is the mass of linki (𝑚𝑚0 is the mass of base), also, 𝜃𝜃𝑖𝑖  is relative joint angle (𝜃𝜃0 is angle of base), 𝐿𝐿𝑖𝑖 

is length of linki (𝐿𝐿0 is distance between the center of base and link1), 𝑎𝑎𝑖𝑖 is position vector from joint i to the 

center of gravity, 𝑅𝑅 is length from origin of x0, y0 to thruster and 𝐹𝐹𝑗𝑗 is thruster force (𝑗𝑗 =  1, 2, 3).  

Now, by using the rigid-body dynamic model in (7) one can write:  

  

 is thruster 
force 

in which 𝑚𝑚𝑖𝑖   is the mass of linki (𝑚𝑚0 is the mass of base), also, 𝜃𝜃𝑖𝑖  is relative joint angle (𝜃𝜃0 is angle of base), 𝐿𝐿𝑖𝑖 

is length of linki (𝐿𝐿0 is distance between the center of base and link1), 𝑎𝑎𝑖𝑖 is position vector from joint i to the 

center of gravity, 𝑅𝑅 is length from origin of x0, y0 to thruster and 𝐹𝐹𝑗𝑗 is thruster force (𝑗𝑗 =  1, 2, 3).  

Now, by using the rigid-body dynamic model in (7) one can write:  

  

. 
Now, by using the rigid-body dynamic model in (7) one 

can write: 

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

      (11)

in which:

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

    (12)

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

           
(13)

At last, the state space model of the UVMS system, 
, is defined as:

𝑍𝑍 = [𝑧𝑧1,… . , 𝑧𝑧10] = [𝜃𝜃0, 𝜃𝜃0̇, 𝜃𝜃1, 𝜃𝜃1̇, 𝜃𝜃2, 𝜃𝜃2̇, 𝑥𝑥, �̇�𝑥, 𝑦𝑦, �̇�𝑦] (14) 

 

     (14)     

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

 

(15)

Assumption 1. In general, the disturbance vector

( ) 0  , ., yd t d dθ = …   is assumed to be a bounded uncertainty, 

i.e. ( )   d t δ≤ where ä  is positive constant.                              
Assumption 2. System uncertainties is written as:

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

         
(16)

where

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

and

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

G  are uncertainties representing 

parameter variations, ( ) ( ) ( )0 0 0, , , M q V q q G q  and ( )0 , D q q  
are nominal terms and uncertainties are bounded such that 
∆Ml ≤ |∆M| ≤ ∆Mh, ∆Vl ≤ |∆V| ≤ ∆Vh,  ∆Gl ≤ |∆G| ≤ ∆Gh  and 

𝐺𝐺(𝑞𝑞) = [
−12𝐿𝐿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃0(𝑡𝑡))𝑚𝑚1 +⋯

⋮
−𝑎𝑎2𝑚𝑚2 𝑐𝑐𝑐𝑐𝑐𝑐(−𝜃𝜃2(𝑡𝑡) + 𝜃𝜃0(𝑡𝑡) − 𝜃𝜃1(𝑡𝑡)) + ⋯

]
5×1

 (10) 

 

�̈�𝑞 = 𝛼𝛼(𝑞𝑞) + 𝛽𝛽(𝑞𝑞)𝑢𝑢 (11) 

 

𝛼𝛼(𝑞𝑞) = 𝑀𝑀(𝑞𝑞)−1[(−𝑉𝑉( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐺𝐺(𝑞𝑞) − 𝐷𝐷(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  − 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡))]5×1 
(12) 

 

𝛽𝛽(𝑞𝑞) = [𝑀𝑀(𝑞𝑞)−1]5×5 (13) 

 

𝑓𝑓(𝑍𝑍, 𝑢𝑢) =

(

 
 
 
 
 
 
 

𝑧𝑧2
𝛼𝛼1 + 𝛽𝛽11𝑢𝑢1 + 𝑑𝑑𝜃𝜃0

𝑧𝑧4
𝛼𝛼2 + 𝛽𝛽22𝑢𝑢2 + 𝑑𝑑𝜃𝜃1

𝑧𝑧6
𝛼𝛼3 + 𝛽𝛽33𝑢𝑢3 + 𝑑𝑑𝜃𝜃2

𝑧𝑧8
𝛼𝛼4 + 𝛽𝛽44𝑢𝑢4 + 𝑑𝑑𝑥𝑥

𝑧𝑧10
𝛼𝛼5 + 𝛽𝛽55𝑢𝑢5 + 𝑑𝑑𝑦𝑦 )

 
 
 
 
 
 
 

 (15) 

 

𝑀𝑀 = 𝑀𝑀0 + ∆𝑀𝑀  , 𝑉𝑉 = 𝑉𝑉0 + ∆𝑉𝑉 

𝐺𝐺 = 𝐺𝐺0 + ∆𝐺𝐺  , 𝐷𝐷 = 𝐷𝐷0 + ∆𝐷𝐷 
(16) 

 

∆M, ∆V, ∆D 

 

𝑀𝑀0(𝑞𝑞), 𝑉𝑉0(𝑞𝑞, �̇�𝑞), 𝐺𝐺0(𝑞𝑞) 

 

𝐷𝐷0(𝑞𝑞, �̇�𝑞) 

 

∆Dl ≤ |∆D| ≤ ∆Dh 

 

. The subscripts l and h denote lower and 
upper uncertainty values.

Based on this assumption, (7) can be rearranged as:

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

    (17)�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

3.MULTI-SURFACE SLIDING MODE CONTROLLER 
WITH INTEGRAL CORRECTIVE TERM IN THE 
SLIDING SURFACE

The purpose of this section is to combine multi surfaces 
sliding mode control method with some correcting terms in 
order to develop a robust solution. This solution increases the 
rate of error convergence to zero and decreases the tracking 
error in transient and steady state to improve the performance 
of the proposed non-linear dynamic control scheme. The 
SMC method consists of two phases: (a) defining multi sliding 
surfaces to reach the desired system behavior (acceptable 
tracking performance); and (b) defining a control law to move 
the system toward the sliding surface. In this regard, a PID 
surface can be selected in the error space as follows [20,21]:
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− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

       

(18)

where ( ) ( ) ( )de t z t z t= −  is the tracking error and 
pK


, 

iK


 and dK


 are constant and positive definite gain matrices, 
defined as:

{ }1 2 3 4 5 , , , ,p p p p p pK diag K K K K K=


{ }1 2 3 4 5, , , ,d d d d d dK diag K K K K K=


        (19)

{ }1 2 3 4 5, , , ,i i i i i iK diag K K K K K=


Taking the derivative of sliding surface in (18), gives: 

( ) ( ) ( ) ( ) ( ) ( ) ( )
ÿ ¨ ¨

   p i d p i d ds t K e t K e t K e t K e K e K q q q u tα β = + + = + + − −         

 

    (20)

( ) ( ) ( ) ( ) ( ) ( ) ( )
ÿ ¨ ¨

   p i d p i d ds t K e t K e t K e t K e K e K q q q u tα β = + + = + + − −         
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�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

   (21)
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− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

   (22)

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

    (23)

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

    (24)

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

   (25)

�̈�𝑞 = (𝑀𝑀0 + ∆𝑀𝑀)(𝑞𝑞)−1(𝑢𝑢 − (𝐺𝐺0 + ∆𝐺𝐺)(𝑞𝑞) − (𝑉𝑉0 + ∆𝑉𝑉) ( �̇�𝑞 . 𝑞𝑞)�̇�𝑞  − (𝐷𝐷0 + ∆𝐷𝐷)(�̇�𝑞 . 𝑞𝑞)�̇�𝑞  

− 𝐵𝐵(𝑞𝑞) − 𝑑𝑑(𝑡𝑡)) 
(17) 

 

𝑠𝑠ℓ(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ ∫ 𝑒𝑒(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝐾𝐾𝑑𝑑ℓ
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑒𝑒(𝑡𝑡)     , ℓ =

1, . . ,5. 
(18) 

 

 

 

𝐾𝐾𝑝𝑝ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 {𝐾𝐾𝑝𝑝1, 𝐾𝐾𝑝𝑝2, 𝐾𝐾𝑝𝑝3, 𝐾𝐾𝑝𝑝4, 𝐾𝐾𝑝𝑝5}  

𝐾𝐾𝑑𝑑ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑑𝑑1, 𝐾𝐾𝑑𝑑2, 𝐾𝐾𝑑𝑑3, 𝐾𝐾𝑑𝑑4, 𝐾𝐾𝑑𝑑5} 

𝐾𝐾𝑖𝑖ℓ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑{𝐾𝐾𝑖𝑖1, 𝐾𝐾𝑖𝑖2, 𝐾𝐾𝑖𝑖3, 𝐾𝐾𝑖𝑖4, 𝐾𝐾𝑖𝑖5} 

(19) 

 

 

𝑠𝑠ℓ̇(𝑡𝑡) = 𝐾𝐾𝑝𝑝ℓ�̇�𝑒(𝑡𝑡) + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒(𝑡𝑡) + 𝐾𝐾𝑑𝑑ℓ�̈�𝑒(𝑡𝑡)

= 𝐾𝐾𝑝𝑝ℓ�̇�𝑒  + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ[�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞 ) − 𝛽𝛽(𝑞𝑞)𝑢𝑢ℓ(𝑡𝑡)] 
(20) 

𝑠𝑠𝜃𝜃0̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑1((𝛽𝛽11 + ∆𝛽𝛽11)𝑢𝑢1(𝑡𝑡) + (𝛼𝛼1 + ∆𝛼𝛼1)) + 𝐾𝐾𝑑𝑑1�̈�𝑞𝑑𝑑1 + 𝐾𝐾𝑝𝑝1�̇�𝑒1 + 𝐾𝐾𝑖𝑖1  𝑒𝑒1 = 0 (21) 

𝑠𝑠𝜃𝜃1̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑2((𝛽𝛽22 + ∆𝛽𝛽22)𝑢𝑢2(𝑡𝑡) + (𝛼𝛼2 + ∆𝛼𝛼2)) + 𝐾𝐾𝑑𝑑2�̈�𝑞𝑑𝑑2 + 𝐾𝐾𝑝𝑝2�̇�𝑒2 + 𝐾𝐾𝑖𝑖2  𝑒𝑒2 = 0 (22) 

𝑠𝑠𝜃𝜃2̇ (𝑡𝑡) = −𝐾𝐾𝑑𝑑3((𝛽𝛽33 + ∆𝛽𝛽33)𝑢𝑢3(𝑡𝑡) + (𝛼𝛼3 + ∆𝛼𝛼3)) + 𝐾𝐾𝑑𝑑3�̈�𝑞𝑑𝑑3 + 𝐾𝐾𝑝𝑝3�̇�𝑒3 + 𝐾𝐾𝑖𝑖3 𝑒𝑒3 = 0 (23) 

𝑠𝑠�̇�𝑥(𝑡𝑡) = −𝐾𝐾𝑑𝑑4((𝛽𝛽44 + ∆𝛽𝛽44)𝑢𝑢4(𝑡𝑡) + (𝛼𝛼4 + ∆𝛼𝛼4)) + 𝐾𝐾𝑑𝑑4�̈�𝑞𝑑𝑑4 + 𝐾𝐾𝑝𝑝4�̇�𝑒4 + 𝐾𝐾𝑖𝑖4  𝑒𝑒4 = 0 (24) 

𝑠𝑠�̇�𝑦(𝑡𝑡) = −𝐾𝐾𝑑𝑑5((𝛽𝛽55 + ∆𝛽𝛽55)𝑢𝑢5(𝑡𝑡) + (𝛼𝛼5 + ∆𝛼𝛼5)) + 𝐾𝐾𝑑𝑑5�̈�𝑞𝑑𝑑5 + 𝐾𝐾𝑝𝑝5�̇�𝑒5 + 𝐾𝐾𝑖𝑖5  𝑒𝑒5 = 0 (25) 

 

𝑢𝑢𝑒𝑒𝑒𝑒ℓ(𝑡𝑡) = (𝐾𝐾𝑑𝑑ℓ 𝛽𝛽(𝑞𝑞))−1[𝑘𝑘𝑃𝑃ℓ𝑒𝑒 ̇ + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 +  𝐾𝐾𝑑𝑑ℓ(�̈�𝑞𝑑𝑑 − 𝛼𝛼(𝑞𝑞))] (26) 

Now, considering zero uncertainty ( )( )0d t = , the control 
signal is:

( ) ( ) ( )
ÿ ¨

1( )    eq d P i d du t K q k e K e K q qβ α−   = + + −    
    

   (26)
 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5
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𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

                  8 

 

 

   

(27)

 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

                  8 

 

 

 

 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

                  8 

 

 

  

(28)

 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

                  8 

 

 

 
   

(29)

 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

                  8 

 

 

 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1

(𝛽𝛽11 + ∆𝛽𝛽11) (−(𝛼𝛼1 + ∆𝛼𝛼1) + �̇�𝑧𝑑𝑑2 −
𝐾𝐾𝑝𝑝1
𝐾𝐾𝑑𝑑1

(𝑧𝑧2 − 𝑧𝑧𝑑𝑑2) −
𝐾𝐾𝑖𝑖1
𝐾𝐾𝑑𝑑1

(𝑧𝑧1 − 𝑧𝑧𝑑𝑑1)) 

(27) 

𝑢𝑢𝑒𝑒𝑒𝑒2(𝑡𝑡) = 1
(𝛽𝛽22+∆𝛽𝛽22) (−(𝛼𝛼2 + ∆𝛼𝛼2) + �̇�𝑧𝑑𝑑4 −

𝐾𝐾𝑝𝑝2
𝐾𝐾𝑑𝑑2

(𝑧𝑧4 − 𝑧𝑧𝑑𝑑4) − 𝐾𝐾𝑖𝑖2
𝐾𝐾𝑑𝑑2

(𝑧𝑧3 − 𝑧𝑧𝑑𝑑3))        (28) 

𝑢𝑢𝑒𝑒𝑒𝑒3(𝑡𝑡) = 1
(𝛽𝛽33+∆𝛽𝛽33) (−(𝛼𝛼3 + ∆𝛼𝛼3) + �̇�𝑧𝑑𝑑6 − 𝐾𝐾𝑝𝑝3

𝐾𝐾𝑑𝑑3
(𝑧𝑧6 − 𝑧𝑧𝑑𝑑6) − 𝐾𝐾𝑖𝑖3

𝐾𝐾𝑑𝑑3
(𝑧𝑧5 − 𝑧𝑧𝑑𝑑5))     (29) 

 

    

𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
(𝛽𝛽44+∆𝛽𝛽44) (−(𝛼𝛼4 + ∆𝛼𝛼4) + �̇�𝑧𝑑𝑑8 −

𝐾𝐾𝑝𝑝4
𝐾𝐾𝑑𝑑4

(𝑧𝑧8 − 𝑧𝑧𝑑𝑑8) − 𝐾𝐾𝑖𝑖4
𝐾𝐾𝑑𝑑4

(𝑧𝑧7 − 𝑧𝑧𝑑𝑑7))       (30) 

 

𝑢𝑢𝑒𝑒𝑒𝑒5(𝑡𝑡) = 1
(𝛽𝛽55+∆𝛽𝛽55) (−(𝛼𝛼5 + ∆𝛼𝛼5) + �̇�𝑧𝑑𝑑10 −

𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5

(𝑧𝑧10 − 𝑧𝑧𝑑𝑑10) − 𝐾𝐾𝑖𝑖5
𝐾𝐾𝑑𝑑5

(𝑧𝑧9 − 𝑧𝑧𝑑𝑑9))      (31) 

𝑀𝑀(𝑞𝑞) = (
−24 𝑠𝑠𝑖𝑖𝑠𝑠(𝜃𝜃1) 𝑅𝑅𝑎𝑎1𝑚𝑚1 + ⋯ ⋯ …

⋮ ⋱ ⋮
⋮ ⋯ −𝐿𝐿1 𝑐𝑐𝑐𝑐𝑠𝑠(𝜃𝜃2) 𝑎𝑎2𝑚𝑚2 + ⋯

)
5×5

                  8 

 

 

 
(30)

 

𝑢𝑢𝑒𝑒𝑒𝑒1(𝑡𝑡) =  
1
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𝑢𝑢𝑒𝑒𝑒𝑒4(𝑡𝑡) = 1
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𝐾𝐾𝑝𝑝5
𝐾𝐾𝑑𝑑5
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⋮ ⋱ ⋮
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(31)

But, if unanticipated turbulence of parameter variations 
or unknown external disturbance appears, the control signal 
cannot guarantee the control performance [20]. Hence, by 
using an ancillary control scheme named a reaching control 
law, ( )ru t , we not only improve the system performance, but 
also make it robust against external disturbances. Totally, the 
MS-ISMC law can be represented as:

( ) ( ) ( )eq ru t u t u t= +
     

(32)

To extract the reaching control signal, consider a candidate 
Lyapunov function as follows: 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 
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−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

with  ( ) ( ) ( )0 0      0        0V and V t for s t= > ≠


.  
From (33) and considering the following condition:

( ) ( ) ( ) ( )
ÿ

0,    0TV t s t s t s t= < ≠
  

      (34)

system states will reach the sliding surface, ( ) 0s t =


, in 
finite time; so, the control approach guarantees asymptotic 
stability of the overall system [20,21]. Now, by substituting 
(17) and (18) into (34), one can write:

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

     

(35)

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

Then, from (26) and after some simplification, we have:

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

    

(36)

to satisfy the inequality in (34), the reaching control law 
should be considered as: 

 

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

  

(37)

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡) = 1

2 [𝑠𝑠𝜃𝜃0
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x

𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y
𝑇𝑇(𝑡𝑡) ∙

𝑠𝑠y(𝑡𝑡)]                                                                                                                                                                                    

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0   (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑 + 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) +
𝑑𝑑(𝑡𝑡)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟)                                                                                                                    

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)| + |𝑑𝑑(𝑡𝑡)|] −

|𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟     

(36) 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞| +
|(∆𝑀𝑀ℎ

−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙
−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒| + 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)}  

(37) 

 

 

where, the maximum values of 

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡)

= 1
2 [𝑠𝑠𝜃𝜃0

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x
𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y

𝑇𝑇(𝑡𝑡)

∙ 𝑠𝑠y(𝑡𝑡)] 

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0 (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑

+ 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) + 𝑑𝑑(𝑡𝑡)}

− 𝑠𝑠ℓ
𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟) 

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)|

+ |𝑑𝑑(𝑡𝑡)|] − |𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| +  𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟 
(36) 

 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0

+ ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞|

+ |(∆𝑀𝑀ℎ
−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙

−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒|

+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} 

(37) 

 

 

 

∆𝑀𝑀ℎ, ∆𝑀𝑀𝑙𝑙 , ∆𝐷𝐷ℎ and ∆𝐷𝐷𝑙𝑙 

 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑠𝑠𝑙𝑙) = 𝑡𝑡𝑎𝑎𝑠𝑠ℎ(𝑠𝑠𝑙𝑙 𝜑𝜑𝑙𝑙⁄ ) 

 and     

𝑉𝑉(𝑡𝑡) = 1
2 𝑠𝑠𝑇𝑇(𝑡𝑡)𝑠𝑠(𝑡𝑡)

= 1
2 [𝑠𝑠𝜃𝜃0

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃0(𝑡𝑡) + 𝑠𝑠𝜃𝜃1
𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃1(𝑡𝑡) + 𝑠𝑠𝜃𝜃2

𝑇𝑇 (𝑡𝑡) ∙ 𝑠𝑠𝜃𝜃2(𝑡𝑡) + 𝑠𝑠x
𝑇𝑇(𝑡𝑡) ∙ 𝑠𝑠x(𝑡𝑡) + 𝑠𝑠y

𝑇𝑇(𝑡𝑡)

∙ 𝑠𝑠y(𝑡𝑡)] 

(33) 

 

�̇�𝑉(𝑡𝑡) = 𝑠𝑠ℓ
𝑇𝑇(𝑡𝑡)𝑠𝑠ℓ̇(𝑡𝑡) < 0,    𝑠𝑠ℓ(𝑡𝑡) ≠ 0 (34) 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{ 𝐾𝐾𝑝𝑝ℓ�̇�𝑒 + 𝐾𝐾𝑖𝑖ℓ𝑒𝑒 + 𝐾𝐾𝑑𝑑ℓ�̈�𝑞𝑑𝑑

+ 𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1((∆𝑉𝑉 + 𝑉𝑉0 + ∆𝐷𝐷 + 𝐷𝐷0)�̇�𝑞 + ∆𝐺𝐺(𝑞𝑞) + 𝐺𝐺0 + 𝐵𝐵(𝑞𝑞) + 𝑑𝑑(𝑡𝑡)}

− 𝑠𝑠ℓ
𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)−1 (𝑢𝑢𝑒𝑒𝑒𝑒ℓ + 𝑢𝑢𝑟𝑟) 

(35) 

 

 

𝑠𝑠ℓ
𝑇𝑇𝑠𝑠ℓ̇ = 𝑠𝑠ℓ

𝑇𝑇{𝐾𝐾𝑑𝑑ℓ[|∆𝑉𝑉 − 𝑀𝑀0
−1𝑉𝑉0∆𝑀𝑀 + ∆𝐷𝐷 − 𝑀𝑀0

−1𝐷𝐷0∆𝑀𝑀||�̇�𝑞| + |∆𝐺𝐺 − 𝑀𝑀0
−1𝐺𝐺0∆𝑀𝑀| + |𝐵𝐵(𝑞𝑞)|

+ |𝑑𝑑(𝑡𝑡)|] − |𝑀𝑀0
−1∆𝑀𝑀|(𝑘𝑘𝑃𝑃ℓ|𝑒𝑒 ̇ |+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| +  𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} − 𝑠𝑠ℓ

𝑇𝑇𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0 + ∆𝑀𝑀)𝑢𝑢𝑟𝑟 
(36) 

 

 

𝑢𝑢𝑟𝑟(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑆𝑆ℓ (𝑡𝑡))[𝐾𝐾𝑑𝑑ℓ(𝑀𝑀0

+ ∆𝑀𝑀𝑙𝑙)]−1. {[|(−∆𝑀𝑀ℎ
−1∆𝑉𝑉ℎ − ∆𝑀𝑀ℎ

−1∆𝐷𝐷ℎ − 𝐷𝐷0∆𝑀𝑀𝑙𝑙
−1 − 𝑉𝑉0∆𝑀𝑀𝑙𝑙

−1)||�̇�𝑞|

+ |(∆𝑀𝑀ℎ
−1∆𝐺𝐺ℎ − 𝐺𝐺0∆𝑀𝑀𝑙𝑙

−1)| + 𝐾𝐾𝑑𝑑ℓ|𝑑𝑑(𝑡𝑡)| + 𝐾𝐾𝑑𝑑ℓ|𝐵𝐵(𝑞𝑞)|] − |𝑀𝑀0∆𝑀𝑀ℎ|(𝐾𝐾𝑝𝑝ℓ|�̇�𝑒|

+ 𝐾𝐾𝑖𝑖ℓ|𝑒𝑒| + 𝐾𝐾𝑑𝑑ℓ|�̈�𝑞𝑑𝑑|)} 

(37) 

 

 

 

∆𝑀𝑀ℎ, ∆𝑀𝑀𝑙𝑙 , ∆𝐷𝐷ℎ and ∆𝐷𝐷𝑙𝑙 

 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑠𝑠𝑙𝑙) = 𝑡𝑡𝑎𝑎𝑠𝑠ℎ(𝑠𝑠𝑙𝑙 𝜑𝜑𝑙𝑙⁄ ) 

are specified based on limitations of the actuators.
Remark 1. Note that signum function which appears 

in SMC controllers can cause chattering phenomena, 
or high-frequency oscillations of control variables. This 
problem can be avoided by replacing discontinuous signum 
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function with appropriate continuous approximation, like: 

( ) ( )/l l lsign s tanh s ϕ=

4. GENETIC ALGORITHM 
Genetic algorithm (GA) is started with an initial population 

and thereafter generate successive populations using three 
basic operations: crossover, mutation and reproduction [22-
25]. The main feature of GA in this paper is to transform the 
system output into a cost function in order to find the best 
values of the control parameters which minimizes the amount 
of control efforts and tracking error. This cost function is 
defined as:

( ) ( ) ( ) ( )
0

1
2

T TJ q t q t u t u t dtη γ
∞

 = + ∫     (38)

in which η  and γ  are set as [ ] [ ]2 2
10 10 10 1010 , 10η γ× ×= = 

. Finally, the parameters of the controller resulted from GA 
have been specified in Tables 2-5.

5. SIMULATION RESULTS  
In this section, for open loop dynamic verification of the 

UVMS in Fig.1, the 3-D model of the system is generated by 
using the ADAMS software and the response is compared 
with the MATLAB mathematical model. Also, to depict the 
effectiveness and performance of the proposed robust controller 
on an UVMS model, two cases are considered. The first one 
is the set point control of the system. The second simulation 
considers manipulation for predefined trajectory tracking. The 
UVMS dynamic parameters for simulation are set as Table.1. 

5.1. Open Loop Dynamic Verification
For dynamic verification of the system, the following two 

 
Fig.1. Configuration of an UVMS 

  

Fig. 1. Configuration of an UVMS

 
 
 
 

𝐿𝐿0 𝐿𝐿𝑧𝑧2
𝐿𝐿1 𝑎𝑎1
𝐿𝐿2 𝑎𝑎2
𝐿𝐿𝑥𝑥0 𝑚𝑚0
𝐿𝐿𝑥𝑥1 𝑚𝑚1
𝐿𝐿𝑥𝑥2 𝑚𝑚2
𝐿𝐿𝑦𝑦0 𝜌𝜌
𝐿𝐿𝑧𝑧0

 

Table 1. Structure Parameter

 
 
 
 

 𝑘𝑘𝑖𝑖1 𝑘𝑘𝑝𝑝1 𝑘𝑘𝑑𝑑1 𝑘𝑘𝐷𝐷𝐷𝐷1 𝑘𝑘𝑃𝑃𝐷𝐷1
𝑘𝑘𝑖𝑖2 𝑘𝑘𝑝𝑝2 𝑘𝑘𝑑𝑑2 𝑘𝑘𝐷𝐷𝐷𝐷2 𝑘𝑘𝑃𝑃𝐷𝐷2
𝑘𝑘𝑖𝑖3 𝑘𝑘𝑝𝑝3 𝑘𝑘𝑑𝑑3 𝑘𝑘𝐷𝐷𝐷𝐷3 𝑘𝑘𝑃𝑃𝐷𝐷3
𝑘𝑘𝑖𝑖4 𝑘𝑘𝑝𝑝4 𝑘𝑘𝑑𝑑4 𝑘𝑘𝐷𝐷𝐷𝐷4 𝑘𝑘𝑃𝑃𝐷𝐷4
𝑘𝑘𝑖𝑖5 𝑘𝑘𝑝𝑝5 𝑘𝑘𝑑𝑑5 𝑘𝑘𝐷𝐷𝐷𝐷5 𝑘𝑘𝑃𝑃𝐷𝐷5

Table 2. Controller parameters (Set Point 1)
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cases are considered:
1st case:        𝑢= [0  0  0  0  0]  ,                
 2nd case:         𝑢= [160  160  0  0  0]

Figs.2(a)-(b) and Figs.3(a)-(b) show the position and 
linear velocities of the UVMS base’s center of mass for both 
cases. In each Figure, the left-hand drawing is the output of 

the ADAMS software and the right-hand drawing is the result 
of MATLAB model. These figures indicate the validity and 
conformity of the extracted dynamic model of the system.

5.2. Point-to-Point Control
In this section, the initial conditions of the UVMS are 

 
 
 
 

𝑘𝑘𝑠𝑠11 𝑘𝑘𝑠𝑠21 𝜑𝜑1
𝑘𝑘𝑠𝑠12 𝑘𝑘𝑠𝑠22 𝜑𝜑2
𝑘𝑘𝑠𝑠13 𝑘𝑘𝑠𝑠33 𝜑𝜑3
𝑘𝑘𝑠𝑠14 𝑘𝑘𝑠𝑠44 𝜑𝜑4
𝑘𝑘𝑠𝑠15 𝑘𝑘𝑠𝑠55 𝜑𝜑5

Table 3. Controller parameters (Set Point 2)

 
 
 
 

 

𝑘𝑘𝑖𝑖1 𝑘𝑘𝑝𝑝1 𝑘𝑘𝑑𝑑1 𝑘𝑘𝐷𝐷𝐷𝐷1 𝑘𝑘𝑃𝑃𝐷𝐷1
𝑘𝑘𝑖𝑖2 𝑘𝑘𝑝𝑝2 𝑘𝑘𝑑𝑑2 𝑘𝑘𝐷𝐷𝐷𝐷2 𝑘𝑘𝑃𝑃𝐷𝐷2
𝑘𝑘𝑖𝑖3 𝑘𝑘𝑝𝑝3 𝑘𝑘𝑑𝑑3 𝑘𝑘𝐷𝐷𝐷𝐷3 𝑘𝑘𝑃𝑃𝐷𝐷3
𝑘𝑘𝑖𝑖4 𝑘𝑘𝑝𝑝4 𝑘𝑘𝑑𝑑4 𝑘𝑘𝐷𝐷𝐷𝐷4 𝑘𝑘𝑃𝑃𝐷𝐷4
𝑘𝑘𝑖𝑖5 𝑘𝑘𝑝𝑝5 𝑘𝑘𝑑𝑑5 𝑘𝑘𝐷𝐷𝐷𝐷5 𝑘𝑘𝑃𝑃𝐷𝐷5

Table 4. Controller parameters (Trajectory Tracking 1)

     
(b) 

     
(a) 

Fig.2. Center of mass coordinates of the UVMS base for: (a) 1st case (b) 2nd case 

  

Fig. 2. Center of mass coordinates of the UVMS base for: (a) 1st case (b) 2nd case
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set as: ( ) ( ) ( )0 1 20 , 0 , 0  ,
2 6 3
π π πθ θ θ= = =   ( )0 0.05x =  and 

( )0 0.05.y =  In the first simulation, the desired set point is 

[ ] [ ]0 1 2, , , , , 0,0,0,3,3x yθ θ θ = . The system uncertainties 

are considered as 15% of the actual values (i.e., the system 
model works with 85% of real values) and the uncertain 

conditions are set as 

𝐽𝐽 = 1
2∫[𝑞𝑞𝑇𝑇(𝑡𝑡)𝜂𝜂𝑞𝑞(𝑡𝑡) + 𝑢𝑢𝑇𝑇(𝑡𝑡)𝛾𝛾𝑢𝑢(𝑡𝑡)]𝑑𝑑𝑡𝑡

∞

0
 (38) 

  

 

𝜂𝜂 = 102[𝕀𝕀10×10], 𝛾𝛾 = 102[𝕀𝕀10×10] 

 

∆𝛼𝛼𝑖𝑖 = 0.0859 and ∆𝛽𝛽𝑖𝑖𝑖𝑖 = 1.718 

 

 and 

𝐽𝐽 = 1
2∫[𝑞𝑞𝑇𝑇(𝑡𝑡)𝜂𝜂𝑞𝑞(𝑡𝑡) + 𝑢𝑢𝑇𝑇(𝑡𝑡)𝛾𝛾𝑢𝑢(𝑡𝑡)]𝑑𝑑𝑡𝑡

∞

0
 (38) 

  

 

𝜂𝜂 = 102[𝕀𝕀10×10], 𝛾𝛾 = 102[𝕀𝕀10×10] 

 

∆𝛼𝛼𝑖𝑖 = 0.0859 and ∆𝛽𝛽𝑖𝑖𝑖𝑖 = 1.718 

 

. 

Assume that, the unknown external disturbance is 

Table 5. Controller parameters (Trajectory Tracking 2)

 
 
 
 

𝑘𝑘𝑠𝑠11 𝑘𝑘𝑠𝑠21 𝜑𝜑1
𝑘𝑘𝑠𝑠12 𝑘𝑘𝑠𝑠22 𝜑𝜑2
𝑘𝑘𝑠𝑠13 𝑘𝑘𝑠𝑠33 𝜑𝜑3
𝑘𝑘𝑠𝑠14 𝑘𝑘𝑠𝑠44 𝜑𝜑4
𝑘𝑘𝑠𝑠15 𝑘𝑘𝑠𝑠55 𝜑𝜑5

    
(b) 

 
(a) 

Fig.3. Center of mass linear velocities of the UVMS base for: (a) 1st case (b) 2nd case 

  

Fig. 3. Center of mass linear velocities of the UVMS base for: (a) 1st case (b) 2nd case

 
Fig.4. Tracking simulation results: position (x ,y) 

  

Fig. 4. Tracking simulation results: position (x ,y)
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described as: 
( ) ( )20

0.5sin
20
t

t
π −

=  
   . Also, parameters of 

the proposed controller are listed in Tables.2 and 3. Now, the 
simulation results can be seen in Figs. 4–8. In these figures, 
the results of the proposed controller are compared with the 
conventional sliding mode controller.

The position and joint angles of the floating base and 
manipulator system in presence of external disturbance are 
depicted in Figs.4 and 5.  As it can be seen, the controller 

stabilizes the system within a short duration. 
Fig.6 shows 3-D trajectory of UVMS. It is evident that 

the system performs well and follows the desired set point 
in three dimensions. The control efforts are also shown in 
Fig.7.

Fig.8 compares Mean Square Error of the system variables 
for the two methods. We can see that the MS-ISMC method 
has a greater performance in comparison with conventional 
SLC method.

 

Fig.5. Tracking simulation results: joint angles (𝜃𝜃0, 𝜃𝜃1) 

  

Fig. 5. Tracking simulation results: joint angles ()

 
 
 

          Fig.6. Global trajectory of the UVMS position in 3-D space                                         
  

Fig. 6. Global trajectory of the UVMS position in 3-D space
 

Fig.7. Control inputs of UVMS 

  

Fig. 7. Control inputs of UVMS

  

Fig8. Mean Square Error of positions and joint angles 

  

Fig. 8. Mean Square Error of positions and joint angles
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5.3 Predefined Trajectory Tracking
In this section, a simulation is accomplished for a 

case in which the end-effector must track a predefined 
trajectory. The desired trajectory is defined as: 

[ ] [ ]0 1 2, , , , , ,1 , ,x y cos t sin t cos t sin t cos tθ θ θ π π π π π= − . 
Other simulation conditions are similar to the previous 

section. Also, the parameters of proposed controller are 
listed in Table.4 and 5. The position of the floating base and 
the manipulator joint space variables in presence of external 
disturbance and with highly uncertain model are shown in 
Figs.9 and 10. These figures show that the controller is able to 
drive all the state variables back to the reference trajectories 
within few seconds.

To show the effectiveness of the proposed controller, 
trajectory of the whole vehicle in 3D space is displayed in Fig.11. 
It can be seen that the chattering phenomena is reduced by using 
the proposed controller and the tracking performance is fully 
acceptable. Also, Fig.12 shows that control scheme performs well 
and the control inputs are smooth.

Also, Fig.13 shows the Mean Square Error of all states for 
both methods. From these results, it can be observed that the 
tracking error converges to zero immediately and provides 
smooth control efforts by using the multi surface MS-ISMC 
controller as compared with the SLC controller. 

6. CONCLUSION
In this study, a new multi surface integral SMC controller 

 

Fig.9. Tracking simulation results: position (x ,y) 

  

Fig. 9. Tracking simulation results: position (x ,y)

 

Fig.10. Tracking simulation results: joint angles (𝜃𝜃0, 𝜃𝜃1) 

  

Fig. 10. Tracking simulation results: joint angles ()

 
 

          Fig.11. Global trajectory of the UVMS position in 3-D space 
  

Fig. 11. Global trajectory of the UVMS position in 3-D space
 

Fig.12. Control inputs of UVMS 

  

Fig.12. Control inputs of UVMS
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developed for UVMS systems with floating base. The 
robustness of the proposed controller analyzed to address the 
position control in presence of some uncertainties and external 
disturbance. In this regard, the dynamic model of the UVMS 
system was extracted using Newton-Euler formulation with all 
hydrodynamic forces by Maple software. The multiple sliding 
surfaces of the controller guarantee the system robustness 
against the influence of unknown time-varying disturbances. 
At the next step, the control laws were extracted based on the 
second method of Lyapunov theory to ensure the stability of 
the overall closed loop control system. Eventually, the genetic 
algorithm was applied to regulate and optimize the parameters 
of proposed controller. Numerical simulations confirmed the 
effectiveness of the presented control scheme. In brief, the 
MS-ISMC method is more flexible than conventional SMC 
in tracking the reference trajectory and converges rapidly 
to an optimal value. It is notable that, all the state variables 
converge to the reference values with optimal control inputs, 
even if they change suddenly. The proposed controller in this 
research can be extended to a hybrid nonlinear controller in 
order to improve the performance. On the other hand, this 
approach is able to mitigate simultaneous actuator faults and 
exogenous disturbances if a proper observer will define (our 
future work).
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